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ʂ̔ ʨʽʩʧʝ 

 

ʄʘʪʝʤʘʪʠʢʘ ʠʥʞʝʥʝʨʣʢ̔ - ʪʝʭʥʠʢʘʣʳץ ʟʝʨʪʪʝʫʣʝʨʜʝ ᴇʪʝ ʤʘʥʳʟʜʳ rץ ʟʤʝʪ 

ʘʪץʘʨʘʜʳ. ʆʣ ʪʝʢ ʩʘʥʜʳץ ʝʩʝʧʪʽץ שʘʨʫʳ סʘʥʘ ʝʤʝʩ, ʩʦʥʳʤʝʥ ʢʘʪʘʨ ʜᴅʣ 

ʟʝʨʪʪʝʫʣʝʨʜʽש ᴅʜʽʩʽ ʞʵʥʝ ײrסʤʜʘʨ ʤʝʥ ʤᴅʩʝʣʝʣʝʨʜ ̔ ʘʥʘײסʨʣʳʤ ʥʘץʪʳ 

ʢʘʣʳʧʪʘʩʪʳʨʫʜʳײץ שʨʘʣʳ ʜʘ ʙʦʣʳʧ ʪʘʙʳʣʘʜʳ. 

 ʣ ʦʡʣʘʫ ᴅʜʽʩʽ, ʩʦʣײʰʽʥ ʤʘʪʝʤʘʪʠʢʘ ï ʙװ ʜʝʛʽ ʤʘʤʘʥʜʘʨשʘʟʽʨʛʽ ʢʝʟʝפ

ʩʝʙʝʧʪʝʥ ʙʦʣʘʰʘץ ʠʥʞʝʥʝʨʣʝʨ ʤʝʥ ʵʢʦʥʦʤʠʩʪʝʨʜʽץ שʦʨʰʘסʘʥ ʦʨʪʘʥʳ 

 .ʧʘʡʜʘʩʳ ᴇʪʝ ʟʦʨ שʢʦʤʧʣʝʢʩʪʽ ץʘʙʳʣʜʘʫʳʥʜʘ ʤʘʪʝʤʘʪʠʢʘʣʳץ

ʆץʳʣסʘʥ ʤʘʪʝʤʘʪʠʢʘ ʪʘʨʘʫʣʘʨʳ ʤʝʥ ץʦʣʜʘʥʙʘʣʳ ʝʩʝʧʪʝʨʜʽ ʰʳסʘʨʫ ï ʙʦʣʘʰʘץʪʘ 

ʥʝʛʽʟʛʽ ʧᴅʥʜʝʨʜʽ ʞʘץʩʳ ʤʝשʛʝʨʫʛʝ ʩʝʧʪʽʛʽʥ ʪʠʛʽʟʝʜʽ. 

ʉʦʥʳʤʝʥ ץʘʪʘʨ, ʤʘʪʝʤʘʪʠʢʘ ʪʫʳʥʜʘסʘʥ ʝʩʝʧʪʝʨʜʽ ʰʝʰʫʜʝʛʽ ʤʳץʪʳ ײץʨʘʣ 

 ʳʟʜʳ ʵʣʝʤʝʥʪʽ ʙʦʣʳʧשʤʘ שʳʣʳʤ ʞᴅʥʝ ʞʘʣʧʳ ʤᴅʜʝʥʠʝʪʽʥ ʝס ʘʥʘ ʝʤʝʩ, ʦʣ ʙᴇʣʝʢס

ʪʘʙʳʣʘʜʳ. ʉʦʥʜʳץʪʘʥ, ᴅʨʙʽʨ ʤʘʤʘʥʥʳש ʤʘʪʝʤʘʪʠʢʘʣʳץ ʙʽʣʽʤʽ ʢʝש ʘʫץʳʤʜʳ, 

ʦʨʪʘץ ʞᴅʥʝ ʥʝʛʽʟʽ ʥʝײסʨʣʳʤ ʞʘץʩʳ ץʘʣʘʫʣʳ ʙʦʣʫʳ ʪʠʽʩ. 

ʊʝʦʨʠʷʣʳץ ʤʘʪʝʨʠʘʣʜʘʨ ʪʘץʳʨʳʧʪʘʨסʘ ʙᴇʣʽʥʛʝʥ, ʦʣʘʨסʘ ץʘʪʳʩʪʳ 

ʞʘʪʪʳסʫʣʘʨ, ᴇʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫ ʩײʨʘץʪʘʨʳ ʞᴅʥʝ ʩʦשʳʥʜʘ ʪʝʩʪ ʢʝʣʪʽʨʽʣʛʝʥ. ʆץʫ-

ᴅʜʽʩʪʝʤʝʣʽʢ ʢʝʰʝʥ, ʦץʫ ʧʨʦʛʨʘʤʤʘʩʳʥʘ ʩʘʡ, ʙʽʨ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש 

ʜʠʬʬʝʨʝʥʮʠʘʣʜʳץ ʞᴅʥʝ ʠʥʪʝʛʨʘʣʜʳץ ʝʩʝʧʝʫʣʝʨʽ, ʢᴇʧ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʣʘʨ 

ʙᴇʣʽʤʜʝʨʽʥʽש ʪʘץʳʨʳʧʪʘʨʳʥ ץʘʤʪʠʜʳ. 

ʆץʫ-ᴅʜʽʩʪʝʤʝʣʽʢ ʢʝʰʝʥʽʥʜʝ ʦץʫ ʧʨʦʛʨʘʤʤʘʩʳʥʘ ʩʘʡ, çʄʘʪʝʤʘʪʠʢʘ 2è ʧᴅʥʽ 

ʙʦʡʳʥʰʘ ʥʝʛʽʟʛʽ ʪʝʦʨʠʷʣʳץ ʤʘʪʝʨʠʷʣʜʘʨסʘ ʰʦʣʫ ʞʘʩʘʣסʘʥ, ʤʳʩʘʣʜʘʨ ʢʝʣʪʽʨʽʣʽʧ 

ʦʥʳש ʰʳסʘʨʫ ʞʦʣʜʘʨʳ ʢᴇʨʩʝʪʽʣʛʝʥ, ʩʦʥʳʤʝʥ ץʘʪʘʨ ᴇʟ ʝʨʢʽʤʝʥ ʰʳסʘʨʫסʘ 

ʝʩʝʧʪʝʨ ʙʝʨʽʣʛʝʥ. 5ɺ070300 - ɸץʧʘʨʘʪʪʳץ ʞװʡʝʣʝʨ ʤʘʤʘʥʜʳסʳʥʳש 

ʩʪʫʜʝʥʪʪʝʨʽʥʝ ʘʨʥʘʣסʘʥ. 
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1 ʪʘץʳʨʳʧ ɸʥʘʣʠʟʛʝ ʢʽʨʽʩʧʝ. ɾʠʳʥʜʘʨ ʞᴅʥʝ ʦʣʘʨסʘ ʢʦʣʜʘʥʳʣʘʪʳʥ 

ʘʤʘʣʜʘʨ. ʌʫʥʢʮʠʷ. ʅʝʛʽʟʛʽ ʵʣʝʤʝʥʪʘʨ ʬʫʥʢʮʠʷʣʘʨ ʞʵʥʝ ʦʣʘʨʜʳש 

ʢʘʩʠʝʪʪʝʨʽ 

 

ʄʘϨʩʘʪ: ʉʪʫʜʝʥʪʪʝʨʜi ʞʠʳʥʜʘʨ ʞᴅʥʝ ʦʣʘʨסʘ ץʦʣʜʘʥʳʣʘʪʳʥ ʘʤʘʣʜʘʨʤʝʥ, 

ʬʫʥʢʮʠʷ סײʳʤʳʤʝʥ, ʦʥʳש ʙʝʨiʣʫ ʪᴅʩiʣʜʝʨiʤʝʥ, ʥʝʛiʟʛi ʩʠʧʘʪʪʘʤʘʣʘʨʳʤʝʥ 

ʪʘʥʳʩʪʳʨʫ.   

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ::  
1. ʉʘʥ ʞʠʳʥʜʘʨʳ. 

2. ɹiʨ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ ʞᴅʥʝ ʦʥʳש ʛʨʘʬʠʛi.  

3. ʌʫʥʢʮʠʷʥʳש ʙʝʨiʣʫ ʪᴅʩiʣʜʝʨi.  

4. ʌʫʥʢʮʠʷʥʳש ʥʝʛiʟʛi ץʘʩʠʝʪʪʝʨi.  

5. ʂʝʨi, ʢװʨʜʝʣi ʞᴅʥʝ ʘʡץʳʥ ʝʤʝʩ ʬʫʥʢʮʠʷʣʘʨ.  

6. ʅʝʛiʟʛi ʵʣʝʤʝʥʪʘʨ ʬʫʥʢʮʠʷʣʘʨ.  

 

        ʆʨʪʘץ ʙʝʣʛiʩi ʙʦʡʳʥʰʘ ʙiʨiʢʪiʨiʣʛʝʥ ʦʙʲʝʢʪiʣʝʨ ʞʠʳʥʪʳסʳ ʞʠʳʥ ʜʝʧ 

ʘʪʘʣʘʜʳ. ɾʠʳʥ ײץʨʘʣʘʪʳʥ ʦʙʲʝʢʪiʣʝʨ ʦʥʳש ʵʣʝʤʝʥʪʪʝʨi ʜʝʧ ʘʪʘʣʘʜʳ. ɾʠʳʥ 

ʣʘʪʳʥʥʳש ʙʘʩ ᴅʨiʧʪʝʨiʤʝʥ ɸ,ɺ,ʉéʍ,ʋ..., ʘʣ ʦʥʳש ʵʣʝʤʝʥʪʪʝʨi ʢiʰi ᴅʨiʧʪʝʨiʤʝʥ 

ʘ, ʚ, ʩéʭ, ʫ... ʙʝʣʛiʣʝʥʝʜi. ɽʛʝʨ ʞʠʳʥʜʘ ʵʣʝʤʝʥʪ ʙʦʣʤʘʩʘ, ʦʥʜʘ ʦʣ ʙʦʩ ʞʠʳʥ ʜʝʧ 

ʘʪʘʣʘʜʳ ʞᴅʥʝ Å ʜʝʧ ʙʝʣʛiʣʝʥʝʜi. ʕʣʝʤʝʥʪʪʝʨi ʩʘʥ ʙʦʣʘʪʳʥ ʞʠʳʥʜʘʨ ʩʘʥ 

ʞʠʳʥʜʘʨʳ ʜʝʧ ʘʪʘʣʘʜʳ. ʄʳʩʘʣʳ: { }nN ,...,3,2,1=
 

- ʥʘʪʫʨʘʣ ʩʘʥʜʘʨ ʞʠʳʥʳ, 

{ }nZ °°°°= ...,,3,2,1,0  - ʙװʪiʥ ʩʘʥ ʞʠʳʥʳ. R ï ʨʘʮʠʦʥʘʣ ʞᴅʥʝ ʠʨʨʘʮʠʦʥʘʣ 

ʩʘʥʜʘʨʜʘʥ ʪײʨʘʪʳʥ ʥʘץʪʳ ʩʘʥʜʘʨ ʞʠʳʥʳ. ʈʘʮʠʦʥʘʣ ʩʘʥʜʘʨ - 
n

m  ʪװʨiʥʜʝʛi 

ʩʘʥʜʘʨ.  ʀʨʨʘʮʠʦʥʘʣ ʩʘʥʜʘʨ - ʰʝʢʩiʟ ʧʝʨʠʦʜʩʳʟ ʦʥʜʳץ ʙᴇʣʰʝʢʪʝʨ. (2 1,4142356=

é,   3,1415926p= é,   ʝ =2,718281é). 

         ʌʫʥʢʮʠʷ סײʳʤʳ ʝʢi ʞʠʳʥ ʵʣʝʤʝʥʪʪʝʨi ʘʨʘʩʳʥʜʘ ʪᴅʫʝʣʜiʣiʢ ʪʘסʘʡʳʥʜʘʫʤʝʥ 

ʙʘʡʣʘʥʳʩʪʳ. ʍ  ʞᴅʥʝ ʋ  ʞʠʳʥʜʘʨʳ ʙʝʨiʣʩiʥ.   

ɸʥʳϨʪʘʤʘ. ɽʛʝʨ ʍ ʞʠʳʥʳʥʳש ᴅʨʙiʨ ʭ (ʭÍ ʍ) ʵʣʝʤʝʥʪiʥʝ ʋ ʞʠʳʥʳʥʳש ʥʘץʪʳ 

ʙiʨ ʫ  (ʫÍ ʋ) ʵʣʝʤʝʥʪi ʩᴅʡʢʝʩ ץʦʡʳʣʩʘ, ʦʥʜʘ ʍ  ʞʠʳʥʳʥʜʘ )(xfy=  ʬʫʥʢʮʠʷ ʜʝʧ 

ʘʪʘʣʘʜʳ.  

ɸʥʳϨʪʘʤʘ. )(xfy=  ʬʫʥʢʮʠʷʩʳ ʘʥʳץʪʘʣʘʪʳʥ ʭ ʪᴅʫʝʣʩiʟ ʘʡʥʳʤʘʣʳʩʳʥʳש 

ʤᴅʥʜʝʨiʥiש ʞʠʳʥʳ ʦʩʳ ʬʫʥʢʮʠʷʥʳש ʘʥʳϨʪʘʣʫ ʦʙʣʳʩʳ ʜʝʧ ʘʪʘʣʘʜʳ D(f)=X ʜʝʧ 

ʙʝʣʛiʣʝʥʝʜi.  

ɸʥʳϨʪʘʤʘ. ʊᴅʫʝʣʜi ʫ ʘʡʥʳʤʘʣʳʥʳש ʤᴅʥʜʝʨiʥiש ʞʠʳʥʳ ʬʫʥʢʮʠʷʥʳש  ʤϸʥʜʝʨ 

ʦʙʣʳʩʳ ʜʝʧ ʘʪʘʣʘʜʳ E(f)=Y ʜʝʧ ʙʝʣʛiʣʝʥʝʜi.   

ɸʥʳϨʪʘʤʘ. ʂʦʦʨʜʠʥʘʪʘʣʘʨʳ ( , ( ))x f x , ʭÍ ʍ ʙʦʣʘʪʳʥ ʥװʢʪʝʣʝʨ ʞʠʳʥʳ ( )y f x=  

ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛi ʜʝʧ ʘʪʘʣʘʜʳ.       

       )(xfy=  ʬʫʥʢʮʠʷʩʳ ʙʝʨiʣʫi װʰiʥ ʙʝʣʛiʣi ʭ ʙʦʡʳʥʰʘ ʫ-ʪiש ʤᴅʥi ʪʘʙʳʣʘʪʳʥ 

ʝʨʝʞʝʥi ʢᴇʨʩʝʪʫ ץʘʞʝʪ.  

      ʌʫʥʢʮʠʷʥʳש ʥʝʛiʟʛi ʙʝʨiʣʫ ʪᴅʩiʣʜʝʨi:  

  -  ʘʥʘʣʠʪʠʢʘʣʳץ; 
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- ʢʝʩʪʝʣiʢ; 

- ʛʨʘʬʠʢʪiʢ; 

- ʩᴇʟʜiʢ. 

ʌʫʥʢʮʠʷ ʙiʨ ʥʝʤʝʩʝ ʙiʨʥʝʰʝ ʬʦʨʤʫʣʘʣʘʨʤʝʥ ʥʝʤʝʩʝ ʪʝשʜʝʫʤʝʥ ʙʝʨiʣʫi 

ʘʥʘʣʠʪʠʢʘʣʳϨ ʪϸʩiʣ ʜʝʧ ʘʪʘʣʘʜʳ. 

ʌʫʥʢʮʠʷ ʛʨʘʬʠʛiʥ ʢʝʩʢiʥʜʝʫ, ʷסʥʠ ʘʨʛʫʤʝʥʪ ʤᴅʥi ʭ ʘʙʮʠʩʩʘʩʳ, ʘʣ ʦסʘʥ 

ʩᴅʡʢʝʩ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʤᴅʥi ʫ ʦʨʜʠʥʘʪʘʩʳ ʙʦʣʘʪʳʥ ʞʘʟʳץʪʳץʪʘסʳ (ʭ;ʫ) 

ʥװʢʪʝʣʝʨ ʞʠʳʥʳʥ ʩʘʣʫ ʛʨʘʬʠʢʪiʢ ʪϸʩiʣ ʜʝʧ ʘʪʘʣʘʜʳ.  

ʌʫʥʢʮʠʷ ʭ  ʘʨʛʫʤʝʥʪiʥiש ʤᴅʥʜʝʨi ʞᴅʥʝ ʦסʘʥ ʩᴅʡʢʝʩ f(ʭ) ʬʫʥʢʮʠʷʩʳʥʳש 

ʤᴅʥʜʝʨi ʞʘʟʳʣסʘʥ ʢʝʩʪʝ ʘʨץʳʣʳ ʙʝʨiʣʫi ʢʝʩʪʝʣiʢ ʪϸʩiʣ ʜʝʧ ʘʪʘʣʘʜʳ.   

ʌʫʥʢʮʠʷʥʳײץ שʨʳʣʫ ʝʨʝʞʝʩiʥ ʩʠʧʘʪʪʘʫ ʘʨץʳʣʳ ʙʝʨiʣʫi ʩϺʟʜiʢ ʪϸʩiʣ ʜʝʧ 

ʘʪʘʣʘʜʳ. 

 

ʌʫʥʢʮʠʷʥʳש ʥʝʛiʟʛi ץʘʩʠʝʪʪʝʨi: 

ɸʥʳϨʪʘʤʘ. ɸʥʳץʪʘʣʫ ʦʙʣʳʩʳʥʜʘסʳ ʢʝʟ ʢʝʣʛʝʥ ʭ װʰiʥ )()( xfxf =-  

( )()( xfxf -=- ) ʪʝשʜiʛi ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ )(xfy=  ʬʫʥʢʮʠʷʩʳ ʞϰʧ (ʪʘϨ) ʜʝʧ 

ʘʪʘʣʘʜʳ.  

ɸʥʳϨʪʘʤʘ. ɽʛʝʨ ʍ ʘʨʘʣʳסʳʥʜʘ ʘʨʛʫʤʝʥʪʪiװ שʣʢʝʥ ʤᴅʥiʥʝ ʬʫʥʢʮʠʷʥʳװ שʣʢʝʥ 

(ʢiʰi) ʤᴅʥi ʩᴅʡʢʝʩ ʢʝʣʩʝ, ʦʥʜʘ ʦʩʳ ʘʨʘʣʳץʪʘ ʬʫʥʢʮʠʷ Ϻʩʧʝʣi (ʢʝʤiʤʝʣi) ʜʝʧ 

ʘʪʘʣʘʜʳ.  

                                     )()( 2121 xfxfxʭ <Ý<  ))()(( 2121 xfxfxʭ >Ý< .  

         ᴆʩʧʝʣi ʞᴅʥʝ ʢʝʤiʤʝʣi ʬʫʥʢʮʠʷʣʘʨ ʤʦʥʦʪʦʥʜʳ (ʙiʨʩʘʨʳʥʜʳ) 

ʬʫʥʢʮʠʷʣʘʨ ʜʝʧ ʘʪʘʣʘʜʳ.  ʌʫʥʢʮʠʷ ʤʦʥʦʪʦʥʜʳ ʙʦʣʘʪʳʥ ʠʥʪʝʨʚʘʣʜʘʨ 

ʤʦʥʦʪʦʥʜʳʣʳϨ ʠʥʪʝʨʚʘʣʳ ʜʝʧ ʘʪʘʣʘʜʳ. 
 

ɸʥʳϨʪʘʤʘ.  ɽʛʝʨ ʢʝʟ ʢʝʣʛʝʥ XxÍ ʰiʥ Mxfװ  ¢)(  ʪʝשʩiʟʜiʛi ʦʨʳʥʜʘʣʘʪʳʥʜʘʡ 

0>M  ʩʘʥʳ ʪʘʙʳʣʩʘ, ʦʥʜʘ ( )y f x=  ʬʫʥʢʮʠʷʩʳ ʍ ʘʨʘʣʳסʳʥʜʘ ʰʝʢʪʝʣʛʝʥ 

ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʣʘʜʳ.  

ɸʥʳϨʪʘʤʘ. ɽʛʝʨ ʬʫʥʢʮʠʷʥʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳʥʜʘסʳ ʢʝʟ ʢʝʣʛʝʥ ʭ װʰiʥ 

)()( xfʊxf =+  ʪʝשʜiʛi ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ ( )y f x=  ʬʫʥʢʮʠʷʩʳ ʧʝʨʠʦʜʳ ʊ̧ 0 ʙʦʣʘʪʳʥ 

ʧʝʨʠʦʜʪʳ ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʣʘʜʳ.   

          ( )y f x=  ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳ ʍ , ʤᴅʥʜʝʨ ʦʙʣʳʩʳ ʋ,  ʪᴅʫʝʣʩiʟ ʘʡʥʳʤʘʣʳʩʳ ʭ  

ʙʦʣʘʪʳʥ ʬʫʥʢʮʠʷ ʙʦʣʩʳʥ. ᴄʨʙiʨ  ʋʫÍ  ʜiʛi ʦʨʳʥʜʘʣʘʪʳʥʜʘʡשʰiʥ  f(x)=y ʪʝװ 

ʞʘʣסʳʟ XxÍ  ʤᴅʥi ʩᴅʡʢʝʩ ץʦʡʳʣʩʳʥ. ʉʦʥʜʘ ʘʣʳʥסʘʥ ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳ ʋ, ʤᴅʥʜʝʨ 

ʦʙʣʳʩʳ ʍ ʙʦʣʘʪʳʥ  ( )x yj=  ʬʫʥʢʮʠʷʩʳ ʢʝʨi ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʣʘʜʳ.  

         ( )y f x= , ( )x yj=  ʬʫʥʢʮʠʷʣʘʨʳ Ϻʟʘʨʘ ʢʝʨi ʬʫʥʢʮʠʷʣʘʨ ʜʝʧ ʘʪʘʣʘʜʳ. ᴆʟʘʨʘ 

ʢʝʨi ʬʫʥʢʮʠʷʣʘʨʜʳש ʛʨʘʬʠʢʪʝʨi ʙiʨiʥʰi ʞᴅʥʝ װʰiʥʰi ʢʦʦʨʜʠʥʘʪʘʣʳץ 

ʙײʨʳʰʪʘʨʜʳש ʙʠʩʩʝʢʪʨʠʩʘʩʳʥʘ ץʘʨʘסʘʥʜʘ ʩʠʤʤʝʪʨʠʷʣʳ ʙʦʣʘʜʳ.  

        )(ufy=  ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳ U, ʤᴅʥʜʝʨ ʦʙʣʳʩʳ ʋ,  ʪᴅʫʝʣʩiʟ ʘʡʥʳʤʘʣʳʩʳ u,  

ʙʦʣʘʪʳʥ ʬʫʥʢʮʠʷ ʙʦʣʩʳʥ, ʘʣ u ʘʡʥʳʤʘʣʳʩʳʥʳש ᴇʟi ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳ ʍ, ʤᴅʥʜʝʨ 

ʦʙʣʳʩʳ U,  ʪᴅʫʝʣʩiʟ ʘʡʥʳʤʘʣʳʩʳ ʭ ʙʦʣʘʪʳʥ )(xu j=  ʬʫʥʢʮʠʷ ʙʦʣʩʳʥ. .  ʉʦʥʜʘ ʍ  

ʞʠʳʥʳʥʜʘ ʘʥʳץʪʘʣʘʪʳʥ ))(( xfy j=  ʬʫʥʢʮʠʷʩʳ ʢϮʨʜʝʣi ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʣʘʜʳ.  
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ɽʛʝʨ ʘʨʛʫʤʝʥʪi ʭ ʙʦʣʘʪʳʥ ʫ ʬʫʥʢʮʠʷʩʳ ʪᴅʫʝʣʜi ʘʡʥʳʤʘʣʳסʘ ץʘʨʘסʘʥʜʘ 

ʰʝʰiʣʤʝʛʝʥ ʪװʨʜʝ ( ; ) 0F x y =  ʪʝשʜʝʫiʤʝʥ ʙʝʨiʣʩʝ, ʦʥʜʘ ʦʣ ʘʡϨʳʥ ʝʤʝʩ ʬʫʥʢʮʠʷ 

ʜʝʧ ʘʪʘʣʘʜʳ.  

 

ʅʝʛiʟʛi ʵʣʝʤʝʥʪʘʨ ʬʫʥʢʮʠʷʣʘʨ. 

  ʘ) ʜᴅʨʝʞʝʣiʢ:  aʭʫ=   ,  RÍa ; 

  ʙ) ʢᴇʨʩʝʪʢiʰʪiʢ: xy a=   , ʘ>0,  1a¸ ;     );()( ¤+-¤=fD  , );0()( ¤+=fE ; 

  ʚ) ʣʦʛʘʨʠʬʤʜiʢ:  logay x=   , ʘ>0, 1a¸ ;       );0()( ¤+=fD    , );()( ¤+-¤=fE ; 

  ʛ)  ʪʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ: siny x=  , cosy x= ,  y tgx= ,  y ctgx= ; 

  ʜ)  ʢʝʨi ʪʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ: arcsiny x= , arccosy x= , y arctgx= , arcctgxy= . 

        

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:   
1. ʌʫʥʢʮʠʷ סײʳʤʳʥʳש ʘʥʳץʪʘʤʘʩʳʥ ʪײʞʳʨʳʤʜʘ.  

2. ʌʫʥʢʮʠʷʥʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳ ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?  

3. ʌʫʥʢʮʠʷʥʳש ʛʨʘʬʠʛi ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ? 

4. ʌʫʥʢʮʠʷʥʳש ʝש ʢᴇʧ ʪʘʨʘסʘʥ ʙʝʨiʣʫ ʪᴅʩiʣʜʝʨi ץʘʥʜʘʡ?  

  ?ʜʝʧ ʘʪʘʣʘʜʳ (ץʪʘ) ʧײʘʥʜʘʡ ʬʫʥʢʮʠʷ ʞפ .5

 ?ʘʥʜʘʡ ʬʫʥʢʮʠʷ ᴇʩʧʝʣi (ʢʝʤiʤʝʣi) ʜʝʧ ʘʪʘʣʘʜʳפ .6

 ?ʘʥʜʘʡ ʬʫʥʢʮʠʷ ʰʝʢʪʝʫʣi ʜʝʧ ʘʪʘʣʘʜʳפ .7

 ?ʘʥʜʘʡ ʬʫʥʢʮʠʷ ʧʝʨʠʦʜʪʳ ʜʝʧ ʘʪʘʣʘʜʳפ .8

 ?ʘʥʜʘʡ ʬʫʥʢʮʠʷ ʢʝʨi ʜʝʧ ʘʪʘʣʘʜʳפ .9

   ?ʘʥʜʘʡ ʬʫʥʢʮʠʷʣʘʨ ᴇʟʘʨʘ-ʢʝʨi ʜʝʧ ʘʪʘʣʘʜʳפ .10

11. ɼʝʢʘʨʪ ʢʦʦʨʜʠʥʘʪʘʣʘʨ ʞװʡʝʩiʥʜʝ ʙʝʨiʣʛʝʥ ʬʫʥʢʮʠʷ ʛʨʘʬʠʛi ʙʦʡʳʥʰʘ ʦʥʳש 
ʢʝʨi ʬʫʥʢʮʠʷʩʳ ʛʨʘʬʠʛiʥ ץʘʣʘʡ ʩʘʣʫסʘ ʙʦʣʘʜʳ?  

 ?ʨʜʝʣi ʜʝʧ ʘʪʘʣʘʜʳװʘʥʜʘʡ ʬʫʥʢʮʠʷ ʢפ .12

 ?ʜʝʧ ʘʪʘʣʘʜʳ (ʳʥ ʝʤʝʩץʘʡ) ʳʥץʘʥʜʘʡ ʬʫʥʢʮʠʷ ʘʡפ .13

14. ʅʝʛiʟʛi ʵʣʝʤʝʥʪʘʨ ʬʫʥʢʮʠʷʣʘʨʜʳ ʘʪʘ. ʆʣʘʨʜʳש ʥʝʛiʟʛi ץʘʩʠʝʪʪʝʨi ץʘʥʜʘʡ?  

15. ʌʫʥʢʮʠʷʥʳש ʙʝʨʽʣʫ ʪᴅʩʽʣʜʝʨʽ? 

16. ʌʫʥʢʮʠʷʥʳש ʤᴅʥʜʝʨ ʦʙʣʳʩʳ ʜʝʛʝʥʽʤʽʟ ʥʝ? 

17. ʂʝʨʽ ʬʫʥʢʮʠʷʥʳ ץʘʣʘʡ ʪʘʙʘʤʳʟ? 

 

ɾʘʪʪʳϤʫʣʘʨ: 

1. ʫ = 2ʭ + 5 ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛʽʥ ʩʘʣʳשʳʟ. 

2. ʫ= - 2ʭ + 4 ʬʫʥʢʮʠʷʩʳʥʳש ʢʦʦʨʜʠʥʘʪ ʦʩʪʝʨʽʤʝʥ ץʠʳʣʳʩʫ ʥװʢʪʝʣʝʨʽʥ 

ʪʘʙʳשʳʟ ʞᴅʥʝ ʛʨʘʬʠʛʽʥ ʩʘʣʳשʳʟ. 

3. ʫ = 2ʭ ï 6 ʩʳʟʳץʪʳץ ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛʽʥ ʪײʨסʳʟʳשʳʟ. ɻʨʘʬʠʢʪʽש 

ʢᴇʤʝʛʽʤʝʥ ʢʝʣʝʩʽ ʩײʨʘץʪʘʨסʘ ʞʘʫʘʧ ʙʝʨʽשʽʟ:  

ʘ) ʭ-ʪʽץ שʘʥʜʘʡ ʤᴅʥʽʥʜʝ  ʫ = 0 ʪʝש ʙʦʣʘʜʳ?  

ʙ) ʭ -ʪʽץ שʘʥʜʘʡ ʤᴅʥʽʥʜʝ  ʫ > 0 ʪʝש ʙʦʣʘʜʳ?  

ʚ) ʭ-ʪʽץ שʘʥʜʘʡ ʤᴅʥʽʥʜʝ ʫ < 0 ʪʝש ʙʦʣʘʜʳ?  

4. sin 2x ʬʫʥʢʮʠʷʩʳʥʳש ʧʝʨʠʦʜʳʥ ʪʘʙʳשʳʟ. 

5.  y = x
2
 + 3x ï 1 ʬʫʥʢʮʠʷʩʳʥʳש ʤᴅʥʜʝʨ ʦʙʣʳʩʳʥ ʪʘʙʳשʳʟ. 
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6.  ʌʫʥʢʮʠʷ f(x) = 2x + 1 ʬʦʨʤʫʣʘʩʳʤʝʥ ʙʝʨʽʣʛʝʥ. ʊʘʙʳשʳʟ: f(1); f(2); f(3); 

f(7,1); 

7. y = 11 -  

8. ʫ = cos ʭ ʬʫʥʢʮʠʷʩʳʥʳש ʢʝʟ ʢʝʣʛʝʥ ʊ ʧʝʨʠʦʜʳ cos ʭ = 1 ʪʝשʣʝʫʽʥʽש ʰʝʰʽʤʽ 

ʙʦʣʘʪʳʥʳʥ ʜᴅʣʝʣʜʝשʽʟ. 

9. ʇʘʨʘʣʣʝʣʴ ʪʘʩʳʤʘʣʜʘʫʜʳ ץʦʣʜʘʥʳʧ ʫ=ʭ
2
, ʫ=(ʭ-4)

2
, ʫ=(ʭ+5)

2 
ʬʫʥʢʮʠʷʣʘʨʳʥʳש 

ʛʨʘʬʠʛʽʥ ʪײʨסʳʟʳשʳʟ. 

10. ʇʘʨʘʣʣʝʣʴ ʪʘʩʳʤʘʣʜʘʫʜʳ ץʦʣʜʘʥʳʧ ʫ=-3ʭ+1, ʫ=-3ʭ, ʫ=-3ʭ-2 

ʬʫʥʢʮʠʷʣʘʨʳʥʳש ʛʨʘʬʠʛʽʥ ʪײʨסʳʟʳשʳʟ. 

 

11. ʌʫʥʢʮʠʷʩʳʥʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳʥ ʪʘʙʳשʳʟ. 

a) 
x

x
xy

23
1

-
+-=      

c) )25.04ln(65.0 xxy -+-=  

 

e) )14ln(15 -+-= xxy   

 

b) )22ln()3( 2 xxxy -Ö+-=   

 

d) 125,0 -= xy   

f) 
2

1

1

sin
2 -
+

+
=

xx

x
y  

12. ʌʫʥʢʮʠʷʩʳʥʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳʥ ʪʘʙʳשʳʟ. 

 

a) y = ln(x
2
 + 9x + 20) 

c) ( )4ln

1

+
=

x
y  

e) xxy 22+=  

b) y = ln(-3 + 4x - x
2
) 

d) ( )1ln

1

-
=

x
y  

f)  y = ln(x
2
 + 7x + 6) 

 

13. ʌʫʥʢʮʠʷʩʳʥʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳʥ ʪʘʙʳשʳʟ. 

 

a) y = ln(x
2
 + 5x + 8) 

 

c) y = ln(x
2
 - 4x + 3) 

 

e) 
ö
÷

õ
æ
ç

å
-

=

7
1ln

1

x
y  

b)  y = ln(-4 + 3 x - x
2
)  

d) 
( )x

y
-

=
1ln

1
 

f) 
ö
÷

õ
æ
ç

å
-

=

3
4ln

1

x
y  

 

14.  f (f (x)) ʢװʨʜʝʣʽ ʬʫʥʢʮʠʷʥʳ ʪʘʙʳשʳʟ, ʝʩʣʠ 

a) f (x) = -2 x + 1 

c) f (x) = 1 + 2 /x 

e) f (x) = 2 x / (3 x + 1) 

b) f (x) = 3 x - 1 

d) f (x) = 3 + 2 /x  

f)  f (x) = 5 x / (3 x + 1) 
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15. f (x) = x 
3
,   g (x) =2 x + 1 ʙʦʣʩʳʥ. ʊʘʙʫ ʢʝʨʝʢ:  

ʘ) ʢװʨʜʝʣʽ ʬʫʥʢʮʠʷʥʳ  f (g (x)),    g (f (x)),    f (f (x)),    g (g (x)); 

b) ʢʝʨʽ ʬʫʥʢʮʠʷʥʳ  f 
ï1

(x),     g
ï1

(x);         

c) ʢװʨʜʝʣʽ ʬʫʥʢʮʠʷʥʳ  f (g 
ï1

(x)),  g (f 
ï1

(x)),  f 
ï1

(g(x)),   g
ï1

(f (x)) 

 

16. f (x) = 4x ï 1,   g (x) =0,5 x + 3 ʙʦʣʩʳʥ. ʊʘʙʫ ʢʝʨʝʢ: 

ʘ) ʢװʨʜʝʣʽ ʬʫʥʢʮʠʷʥʳ  f (g (x)),    g (f (x)),    f (f (x)),    g (g (x)); 

b) ʢʝʨʽ ʬʫʥʢʮʠʷʥʳ  f 
ï1

(x),     g
ï1

(x);         

c) ʢװʨʜʝʣʽ ʬʫʥʢʮʠʷʥʳ  f (g 
ï1

(x)),  g (f 
ï1

(x)),  f 
ï1

(g(x)),   g
ï1

(f (x)) 

17. y = f (x) ʬʫʥʢʮʠʷʩʳ װʰʽʥ y=f 
-1

(x) ʢʝʨʽ ʬʫʥʢʮʠʷʩʳʥ ʪʘʙʫ ʢʝʨʝʢ 

a) y = 2x-3        b) y = 0.5x+1        c) y =2+1/x         d) y =1-2/x       

e) y = x/(x+1)     f) y =1/(1-x)   

 

18. f 
-1

(g (x)) ʢװʨʜʝʣʽ ʬʫʥʢʮʠʷʥʳ  ʪʘʙʫ ʢʝʨʝʢ 

a)  f (x)=-2x+5 , 

c)  f (x)=-x+3 , 

e)  f (x) =2+1/x, 

g(x)=4x+7 

g(x)=4x+5 

g(x)=3+4/x 

b) f (x)=3x-1 , 

d) f (x)=1+2/x, 

f) f (x)=4+5/x, 

g(x)=-6x+5      

g(x)=3x+4 

g(x)=3+2/x      

 

19. f (g
-1

(x))   ʢװʨʜʝʣʽ ʬʫʥʢʮʠʷʩʳʥʳש x0  ʥװʢʪʝʩʽʥʜʝ ʤᴅʥʽʥ ʪʘʙʫ ʢʝʨʝʢ 

 

a)  f (x) = 5 x + 8, 

b)  f (x) = 2 x ï 5, 

c)  f (x) = 3 x + 6, 

d)  f (x) = 4 x + 5, 

e)  f (x) = 9 + 4 /x, 

f)  f (x) = 7 + 6 /x, 

g (x) = ïx + 4, 

g (x) = 4 x ï 3, 

g (x) = ï4 x + 5, 

g (x) = ï 4 x + 1, 

g (x) = 4 + 2 /x 

g (x) = 5 + 3 /x 

x0 = 7 

x0 = 1 

x0 = 1 

x0 = 3 

x0 = 1 

x0 = 1 

 

 

2 ʪʘץʳʨʳʧ  ʌʫʥʢʮʠʷʥʳש ʥʫʢʪʝʜʝʛʽ ʰʝʛʽ. ʉʘʥ ʪʽʟʙʝʛʽ, ʢʘʩʠʝʪʪʝʨʽ. ʊʘʤʘʰʘ 

ʰʝʢʪʝʨ. תʟʽʣʽʩʩʽʟʜʽʢ. ʋʟʽʣʽʩ ʥʫʢʪʝʣʝʨʽʥʽש ʢʣʘʩʩʠʬʠʢʘʮʠʷʩʳ 

 

ʄʘϨʩʘʪ: ʉʪʫʜʝʥʪʪʝʨʜi ʜʠʬʬʝʨʝʥʮʠʘʣʜʳץ ʝʩʝʧʪʝʫʣʝʨ ʘʧʧʘʨʘʪʳ ʜʘʤʫʳʥʘ ʞᴅʥʝ 

ʤʘʪʝʤʘʪʠʢʘ סʳʣʳʤʳʥʳש ʙʘʩץʘ ʙᴇʣiʤʜʝʨiʥʝ ʜʝ ʥʝʛiʟ ʙʦʣʘʪʳʥ ʤʘʪʝʤʘʪʠʢʘʥʳש 

ʥʝʛiʟʛi סײʳʤʜʘʨʳʥʳש ʙiʨi ï ʬʫʥʢʮʠʷ ʰʝʛi סײʳʤʳʤʝʥ ʪʘʥʳʩʪʳʨʫ.  

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ: 
1. ʅװʢʪʝʥiש ʘʡʤʘסʳ. ʉʘʥ ʪiʟʙʝʛi. ʉʘʥ ʪiʟʙʝʛiʥiש ʰʝʛi.  

2. ʌʫʥʢʮʠʷ ʰʝʛi סײʳʤʳ. ʐʝʢʩiʟ װʣʢʝʥ ʞᴅʥʝ ʰʝʢʩiʟ ʢiʰi ʬʫʥʢʮʠʷʣʘʨ.  

3. ʌʫʥʢʮʠʷ ʰʝʛi ʪʫʨʘʣʳ ʥʝʛiʟʛi ʪʝʦʨʝʤʘʣʘʨ. 

4. ʌʫʥʢʮʠʷʥʳש ʥװʢʪʝʜʝʛi ʞᴅʥʝ ʢʝʩiʥʜiʜʝʛi װʟiʣiʩʩiʟʜiʛi.  

5. ɽʢi ʪʘʤʘʰʘ ʰʝʢ. e ʩʘʥʳ. 

 

          0ʭ- ʢʝʟ ʢʝʣʛʝʥ ʥʘץʪʳ ʩʘʥ ʙʦʣʩʳʥ.  0ʭ ʥװʢʪʝʩiʥiש ʘʡʤʘϤʳ ʜʝʧ 0ʭ ʥװʢʪʝʩiʥ 

);(  ʜʘʡʜʘסʘʤʪʠʪʳʥ ʢʝʟ ʢʝʣʛʝʥ (a,b) ʠʥʪʝʨʚʘʣʳ ʘʪʘʣʘʜʳ. ɼʝʨʙʝʩ ʞʘץ 00 ee +- ʭʭ  
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ʠʥʪʝʨʚʘʣʳ 0ʭ ʥװʢʪʝʩiʥiש ʵʧʩʠʣʦʥ-ʘʡʤʘϤʳ ʜʝʧ ʘʪʘʣʘʜʳ , ʤײʥʜʘ 0>e . 0ʭ ʩʘʥʳ 

ʘʡʤʘץʪʳש ʮʝʥʪʨi ʜʝʧ, ʘʣ  e ʩʘʥʳ ʘʡʤʘץʪʳש ʨʘʜʠʫʩʳ ʜʝʧ ʘʪʘʣʘʜʳ. e<- 0ʭʭ  

ʪʝשʩiʟʜiʛiʥiש ʦʨʳʥʜʘʣʫʳ ʭ ʥװʢʪʝʩi  0ʭ ʥװʢʪʝʩiʥiש e-ʘʡʤʘסʳʥʘ ʪװʩʢʝʥiʥ ʢᴇʨʩʝʪʝʜi 

(1-ʩʫʨʝʪ). 

                                                                   e                    e 

                                                                                                                    x   
 

                                            0      x  - e                 0x          x          x+ e        

1 ʩʫʨʝʪ- ʅװʢʪʝʥiש e-ʘʡʤʘסʳ. 

 

ɽʛʝʨ ʙʝʣʛiʣi ʙiʨ ʟʘשʤʝʥ ᴅʨʙiʨ ʥʘʪʫʨʘʣ n ʩʘʥʳʥʘ ʥʘץʪʳ ʙiʨ ʘn ʩʘʥʳ ʩᴅʡʢʝʩ 

} ʦʡʳʣʩʘ, ʦʥʜʘץ }na  ʩʘʥ ʪiʟʙʝʛi ʙʝʨiʣʜi ʜʝʡʜi:  a1, a2, a3,é, an,é     

ɹʘʩץʘʰʘ ʘʡʪץʘʥʜʘ, ʩʘʥ ʪiʟʙʝʛi ʜʝʛʝʥiʤiʟ - ʘʨʛʫʤʝʥʪi ʥʘʪʫʨʘʣ ʩʘʥʜʘʨ ʙʦʣʘʪʳʥ 

ʬʫʥʢʮʠʷ: )(nfan = . a1, a2, a3,é, an,é ʩʘʥʜʘʨʳ ʪiʟʙʝʢ ʤװʰʝʣʝʨi ʜʝʧ, ʘʣ an ʩʘʥʳ 

ʙʝʨiʣʛʝʥ ʪiʟʙʝʢʪiש ʞʘʣʧʳ ʥʝʤʝʩʝ n- ʰi ʤϮʰʝʩi ʜʝʧ ʘʪʘʣʘʜʳ.  ʊiʟʙʝʢ ʦʥʳש ʞʘʣʧʳ 

ʤװʰʝʩiʥiש ʬʦʨʤʫʣʘʩʳ ʘʨץʳʣʳ ʙʝʨiʣʝʜi:  

12+=nan ;   nu n

n Ö-= )1( ;   
n

xn

1
= ;   

n

n
an

1-
= ,  NnÍ           

ɽʛʝʨ ʢʝʟ ʢʝʣʛʝʥ  0>e   שʰiʥ e-ʥʝʥ ʪᴅʫʝʣʜi N ʥʦʤʝʨi ʪʘʙʳʣʳʧ, ʩʘʥ ʪiʟʙʝʛiʥiװ 

ʙʘʨʣʳץ ʥʦʤʝʨʣʝʨi Nn>  ʤװʰʝʣʝʨi װʰiʥ e<-Aan  ʪʝשʩiʟʜiʛi ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ ɸ 

ʩʘʥʳ { }na  ʪiʟʙʝʛiʥiϬ ʰʝʛi ʜʝʧ ʘʪʘʣʘʜʳ ʞᴅʥʝ Aan
n

=
¤

lim  ʜʝʧ ʞʘʟʳʣʘʜʳ. 

ɽʛʝʨ ʢʝʟ ʢʝʣʛʝʥ  0>e ʰiʥ e-ʥʝʥ ʪᴅʫʝʣʜi 0>Sװ  ʩʘʥʳ ʪʘʙʳʣʳʧ,  Sʭ>  

ʦʨʳʥʜʘʣʘʪʳʥʜʘʡ ʙʘʨʣʳץ ʭ װʰiʥ e<-Axf )(  ʪʝשʩiʟʜiʛi ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ ɸ ʩʘʥʳ 

)(xfy=  ʬʫʥʢʮʠʷʩʳʥʳש ¤ʭ ʳ ʰʝʛi ʜʝʧ ʘʪʘʣʘʜʳ ʞᴅʥʝ  Axfסʘʥʜʘסʤʪʳʣײ 
ʭ

=
¤

)(lim

ʜʝʧ ʞʘʟʳʣʘʜʳ. 

ɽʛʝʨ ʢʝʟ ʢʝʣʛʝʥ  0>e ʰiʥ e-ʥʝʥ ʪᴅʫʝʣʜi 0>dװ  ʩʘʥʳ ʪʘʙʳʣʳʧ,  ʙʘʨʣʳץ d<- 0xʭ  

ʰʘʨʪʳʥ ץʘʥʘסʘʪʪʘʥʜʳʨʘʪʳʥ ʞᴅʥʝ 0xx¸ ʰiʥ e<-Axfװ  )(  ʪʝשʩiʟʜiʛi ʦʨʳʥʜʘʣʩʘ, 

ʦʥʜʘ ɸ ʩʘʥʳ )(xfy=  ʬʫʥʢʮʠʷʩʳʥʳ0 שxʭ   ʳ ʰʝʛi ʜʝʧ ʘʪʘʣʘʜʳ ʞᴅʥʝסʘʥʜʘסʤʪʳʣײ 

Axf
xʭ

=


)(lim
0

 ʜʝʧ ʞʘʟʳʣʘʜʳ. 

ɸʥʳϨʪʘʤʘ. ɽʛʝʨ { }nx ʪʽʟʙʝʛʽʥʽש ʢʝʟ-ʢʝʣʛʝʥ ʤװʰʝʩʽ װʰʽʥ ʤʳʥʘ ʪʝש 

( )n nx M x m¢ ²  ʦʨʳʥʜʘʣʘʪʳʥʜʘʡ ץʘʥʜʘʡ ʜʘ ʙʽʨ M ʩʘʥʳ (m ʩʘʥʳ) ʪʘʙʳʣʩʘ, ʦʥʜʘ 

(1) ʪʽʟʙʝʢʪʽ ʞʦϤʘʨʳʜʘʥ (ʪϺʤʝʥʥʝʥ) ʰʝʢʪʝʣʛʝʥ ʪʽʟʙʝʢ ʜʝʧ ʘʪʘʡʜʳ. 

ɽʛʝʨ ʙײʣ ʰʘʨʪ ʦʨʳʥʜʘʣʤʘʩʘ, ʦʥʜʘ ʪʽʟʙʝʢ ʞʦϤʘʨʳʜʘʥ (ʪϺʤʝʥʥʝʥ) ʰʝʢʪʝʣʤʝʛʝʥ  

ʜʝʧ ʘʪʘʣʘʜʳ.  

ɽʛʝʨ ʪʽʟʙʝʢ ʞʦסʘʨʳʜʘʥ ʜʘ, ʪᴇʤʝʥʥʝʥ ʜʝ ʰʝʢʪʝʣʛʝʥ ʙʦʣʩʘ, ʦʥʜʘ ʦʣ ʰʝʢʪʝʣʛʝʥ 

ʪʽʟʙʝʢ ʜʝʧ ʘʪʘʣʘʜʳ. 

ɽʛʝʨ { }nx ʪʽʟʙʝʛʽʥʽש ʢʝʟ-ʢʝʣʛʝʥ ʤװʰʝʩʽ װʰʽʥ  1 1( )n n n nx x x x+ +> <  ʪʝשʩʽʟʜʽʛʽ 

ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ { }nx ʪʽʟʙʝʛʽ Ϻʩʧʝʣʽ (ʢʝʤʽʤʝʣʽ) ʪʽʟʙʝʢ ʜʝʧ ʘʪʘʣʘʜʳ. 

       ᴆʩʧʝʣʽ ʥʝʤʝʩʝ ʢʝʤʽʤʝʣʽ ʪʽʟʙʝʢ ʤʦʥʦʪʦʥʜʳ  ʪʽʟʙʝʢ ʜʝʧ ʘʪʘʣʘʜʳ. 
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ɸʥʳϨʪʘʤʘ. ʐʝʛʽ ʙʘʨ ʪʽʟʙʝʢʪʽ ʞʠʥʘϨʪʳ ʪʽʟʙʝʢ ʜʝʧ, ʘʣ ʰʝʛʽ ʙʦʣʤʘʡʪʳʥ ʪʽʟʙʝʢʪʽ 

ʞʠʥʘϨʩʳʟ ʪʽʟʙʝʢ ʜʝʧ ʘʪʘʡʜʳ. 

 

 

         

 

 

 

 

 

 

 

2-ʩʫʨʝʪ- ʌʫʥʢʮʠʷʥʳש ʥװʢʪʝʜʝʛi ʰʝʛiʥiש ʛʝʦʤʝʪʨʠʷʣʳץ ʤʘסʳʥʘʩʳ. 

 

0

lim ( )
x x

f x A


=  ʬʫʥʢʮʠʷ ʰʝʛiʥiש ʛʝʦʤʝʪʨʠʷʣʳϨ ʤʘϤʳʥʘʩʳ 0ʭ ʥװʢʪʝʩiʥʝ ᴇʪʝ ʞʘץʳʥ 

ʞʘʪץʘʥ ʙʘʨʣʳץ ʭ ʥװʢʪʝʣʝʨi װʰiʥ ʩᴅʡʢʝʩ ʬʫʥʢʮʠʷ ʤᴅʥʜʝʨi ɸ ʩʘʥʳʥʘ ᴇʪʝ ʞʘץʳʥ 

ʙʦʣʘʪʳʥʳʥ ʙiʣʜiʨʝʜi.  (2-ʩʫʨʝʪ).                 

   Axf
xx

=
-

)(lim
0

    - ʩʦʣ ʞʘץ ʰʝʢ;             Axf
xx

=
+

)(lim
0

  - ʦש ʞʘץ ʰʝʢ. 

       

ɽʛʝʨ ¤=


)(lim
0

xf
xx

 ʙʦʣʩʘ, ʦʥʜʘ 0ʭ ʥװʢʪʝʩiʥʜʝ ( )f x  ʬʫʥʢʮʠʷʩʳ ʰʝʢʩiʟ Ϯʣʢʝʥ ʜʝʧ 

ʘʪʘʣʘʜʳ.  

 

ɽʛʝʨ 0)(lim
0

=


xf
xx

 ʙʦʣʩʘ, ʦʥʜʘ 0ʭ ʥװʢʪʝʩiʥʜʝ ( )f x  ʬʫʥʢʮʠʷʩʳ ʰʝʢʩiʟ ʘʟ ʜʝʧ 

ʘʪʘʣʘʜʳ.  

 

         ʌʫʥʢʮʠʷ ʰʝʛi ʪʫʨʘʣʳ ʥʝʛiʟʛi ʪʝʦʨʝʤʘʣʘʨ:   

1. CC
xx
=

 0

lim ;         

2. [ ] )(lim)(lim)()(lim
000

xxfxxf
xxxxxx
jj


°=° ;  

3. [ ] )(lim)(lim)()(lim
000

xxfxxf
xxxxxx
jj


Ö=Ö ;  

4. [ ] )(lim)(lim
00

xfCxfC
xxxx 

Ö=Ö ;  

5. 
)(lim

)(lim

)(

)(
lim

0

0

0 x

xf

x

xf

xx

xx

xx jj





=  , ʝʛʝʨ 0)(lim

0

¸


x
xx
j              

 

  ʌʫʥʢʮʠʷʥʳװ שʟʽʣʽʩʩʽʟʜʽʛʽ. תʟʽʣʽʩ ʥװʢʪʝʣʝʨʽ ʞᴅʥʝ ʦʣʘʨʜʳש ʪʝʢʪʝʨʽ. 

ɸʥʳϨʪʘʤʘ. ɽʛʝʨ 0ʭ ʥװʢʪʝʩiʥʜʝ ʬʫʥʢʮʠʷʥʳש ʰʝʛi ʤʝʥ ʤᴅʥi ʪʝש ʙʦʣʩʘ, ʦʥʜʘ ʦʣ 

ʥװʢʪʝʜʝ ( )f x  ʬʫʥʢʮʠʷʩʳ Ϯʟiʣiʩʩiʟ ʜʝʧ ʘʪʘʣʘʜʳ. )()(lim 0
0

xfxf
xx

=


. 

ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳ (;a b) ʠʥʪʝʨʚʘʣʳʥʳש ᴅʨʙiʨ ʥװʢʪʝʩiʥʜʝ װʟiʣiʩʩiʟ ʙʦʣʩʘ, 

ʦʥʜʘ ʦʣ ʦʩʳ ʠʥʪʝʨʚʘʣʜʘ װʟiʣiʩʩiʟ ʜʝʧ ʘʪʘʣʘʜʳ. 
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          ʌʫʥʢʮʠʷ װʟiʣiʩʩiʟ ʙʦʣʤʘʡʪʳʥ ʥװʢʪʝʣʝʨ ʬʫʥʢʮʠʷʥʳש Ϯʟiʣiʩ ʥϮʢʪʝʣʝʨi ʜʝʧ 

ʘʪʘʣʘʜʳ.  

ʊʝʦʨʝʤʘ. )(xfy=  ʬʫʥʢʮʠʷʩʳ ʭ ʘ=  ʥװʢʪʝʩʽʥʜʝ װʟʽʣʽʩʩʽʟ ʙʦʣʫʳ װʰʽʥ ʙʝʨʽʣʛʝʥ 

ʬʫʥʢʮʠʷʥʳש ʭ ʘ=  ʥװʢʪʝʩʽʥʜʝʛʽ ʩʦʣ ʞʘץʪʳ ʞᴅʥʝ ʦש ʞʘץʪʳ ʰʝʢʪʝʨʽʥʽש ᴇʟʘʨʘ ʪʝש 

ʙʦʣʫʳ, ʷסʥʠ ʤʳʥʘ ʪʝשʜʽʢʪʽש )()(lim)(lim afxfxf
axax

==
+-

 ʦʨʳʥʜʘʣʫʳ ץʘʞʝʪʪʽ ʞᴅʥʝ 

ʞʝʪʢʽʣʽʢʪʽ. 

ɸʥʳϨʪʘʤʘ.  ɽʛʝʨ ʭ ʘ=   ʥװʢʪʝʩʽʥʜʝ  )()(lim afxf
ax

=


 ʪʝשʜʽʛʽ ʦʨʳʥʜʘʣʤʘʩʘ, ʦʥʜʘ 

ʭ ʘ=   ʥװʢʪʝʩʽ )(xfy=  ʬʫʥʢʮʠʷʩʳʥʳװ שʟʽʣʽʩʩʽʟ ʥװʢʪʝʩʽ ʜʝʧ ʘʪʘʣʘʜʳ. 

ɸʡʪʘʣʳץ,  ʭ ʘ=  ʥװʢʪʝʩʽ )(xfy=  ʬʫʥʢʮʠʷʩʳʥʳװ שʟʽʣʽʩ ʥװʢʪʝʩʽ ʙʦʣʩʳʥ. 

ɸʥʳϨʪʘʤʘ.  ɽʛʝʨ ʭ ʘ=  ʥװʢʪʝʩʽʥʜʝ )(xfy=  ʬʫʥʢʮʠʷʩʳʥʳש, ʩʦʣ ʞʘץ ʞᴅʥʝ ʦש 

ʞʘץʪʳ ʰʝʢʪʝʨʽ ʙʘʨ ʞᴅʥʝ ʥʘץʪʳ ʩʘʥʜʘʨʳ ʙʦʣʳʧ, ʙʽʨʘץ ʦʣʘʨ ᴇʟʘʨʘ ʪʝש ʙʦʣʤʘʩʘ, 

ʷסʥʠ     )(lim)(lim xfxf
axax +-

¸  , ʦʥʜʘ ʭ ʘ=  ʥװʢʪʝʩʽ )(xfy=  ʬʫʥʢʮʠʷʩʳʥʳ1 ש ï ʪʝʢʪʽ 

Ϯʟʽʣʽʩ ʥϮʢʪʝʩʽ ʜʝʧ, ʘʣ ʤʳʥʘ ʘʡʳʨʤʘ )(lim)(lim xfxf
axax +-

-  ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳש 

ʭ ʘ=  .ʢʪʝʩʽʥʜʝʛʽ ʩʝʢʽʨʫ ʰʘʤʘʩʳ ʜʝʧ ʘʪʘʣʘʜʳװʟʽʣʽʩ ʥװ 

ɸʥʳϨʪʘʤʘ.  ɽʛʝʨ ʭ ʘ=  ʥװʢʪʝʩʽʥʜʝ )(xfy=  ʬʫʥʢʮʠʷʩʳʥʳש ʩʦʣ ʞʘץʪʳ ʞᴅʥʝ ʦש 

ʞʘץʪʳ ʰʝʢʪʝʨʽʥʽש ʝש ʢʝʤʽʥʜʝ ʙʽʨʝʫʽ ʙʦʣʤʘʩʘ, ʷסʥʠ ʥʝ ʰʝʢʩʽʟʜʽʢʢʝ ʪʝש ʙʦʣʩʘ, ʥʝ 

ʘʥʳץʪʘʣʤʘʩʘ, ʦʥʜʘ ʭ ʘ=   ʥװʢʪʝʩ)̔(xfy=  ʬʫʥʢʮʠʷʩʳʥʳ2 ש ï ʪʝʢʪʽ Ϯʟʽʣʽʩ 

ʥϮʢʪʝʩʽ ʜʝʧ ʘʪʘʣʘʜʳ. 

 

ϭʟʽʣʽʩʩʽʟ ʬʫʥʢʮʠʷʣʘʨʜʳϬ Ϩʘʩʠʝʪʪʝʨʽ: 

 

1Á ɽʛʝʨ )(xfy=  ʞᴅʥʝ )(xy j=  ʬʫʥʢʮʠʷʣʘʨʳ ʭ ʘ=  ʥװʢʪʝʩʽʥʜʝ װʟʽʣʽʩʩʽʟ ʙʦʣʩʘ, 

ʦʥʜʘ ʦʣʘʨʜʳץ שʦʩʳʥʜʳʩʳ, ʘʡʳʨʤʘʩʳ, ʢᴇʙʝʡʪʽʥʜʽʩʽ ʞᴅʥʝ ʙᴇʣʽʥʜʽʩʽ 

)(/)(),()(),()( xxfxxfxxf jjj Ö°  )0)(( ¸aj  ʜʝ àõ=  ʥװʢʪʝʩʽʥʜʝ װʟʽʣʽʩʩʽʟ ʬʫʥʢʮʠʷ 

ʙʦʣʘʜʳ. 

2Á ɽʛʝʨ )(xy j=  ʬʫʥʢʮʠʷʩʳ 0x  ʥװʢʪʝʩʽʥʜʝ, ʘʣ )(yfz=  ʬʫʥʢʮʠʷʩʳ )( 00 xy j=  

ʥװʢʪʝʩʽʥʜʝ װʟʽʣʽʩʩʽʟ ʙʦʣʩʘ, ʦʥʜʘ [ ])(xfz j=  ʢװʨʜʝʣʽ ʬʫʥʢʮʠʷʩʳ 0x  ʥװʢʪʝʩʽʥʜʝ 

  .ʟʽʣʽʩʩʽʟ ʙʦʣʘʜʳײ

3Á ʕʣʝʤʝʥʪʘʨ ʬʫʥʢʮʠʷʣʘʨ ᴇʟʜʝʨʽʥʽש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʪʘʨʳʥʜʘ װʟʽʣʽʩʩʽʟ ʙʦʣʘʜʳ, 

ʷסʥʠ: 

ʘ) ʪײʨʘץʪʳ ʬʫʥʢʮʠʷ ʙװʢʽʣ ʩʘʥ ʪװʟʫʽʥʜʝ  װʟʽʣʽʩʩʽʟ. 

ʙ) ʙװʪʽʥ ʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷ ʙװʢʽʣ ʩʘʥ ʪװʟʫʽʥʜʝ  װʟʽʣʽʩʩʽʟ. 

ʚ) ʙᴇʣʰʝʢ ʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷ ʙᴇʣʰʝʢʪʽש ʙᴇʣʽʤʽʥʽ0 ש ï ʛʝ ʘʡʥʘʣʜʳʨʤʘʡʪʳʥ 

ʥװʢʪʝʣʝʨʜʽש ʙᴅʨʽʥʜʝ װʟʽʣʽʩʩʽʟ. 

ʛ) ʢᴇʨʩʝʪʢʽʰʪʽʢ ʬʫʥʢʮʠʷ 1,0, ¸>= aaay x  ʙװʢʽʣ ʩʘʥ ᴇʩʽʥʜʝ װʟʽʣʽʩʩʽʟ.  

ʜ) ʣʦʛʘʨʠʬʤʜʽʢ ʬʫʥʢʮʠʷ );0(,1,0,log +¤¸>= aaxy a  ʘʨʘʣʳסʳʥʜʘ װʟʽʣʽʩʩʽʟ. 

ʝ) ʪʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʬʫʥʢʮʠʷʣʘʨ ʞᴅʥʝ ʢʝʨʽ ʪʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʬʫʥʢʮʠʷʣʘʨ 

ᴇʟʜʝʨʽʥʽש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳʥʜʘ װʟʽʣʽʩʩʽʟ. 

4Á )(xfy=  ʬʫʥʢʮʠʷʩʳ [ ]ba;  ʢʝʩʽʥʜʽʩʽʥʜʝ װʟʽʣʽʩʩʽʟ ʙʦʣʩʳʥ. ʉʦʥʜʘ: 

ʘ) )(xfy=  ʬʫʥʢʮʠʷʩʳ [ ]ba;  ʢʝʩʽʥʜʽʩʽʥʜʝ ʰʝʢʪʝʣʛʝʥ ʬʫʥʢʮʠʷ ʙʦʣʘʜʳ. 
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ʙ) )(xfy=  ʬʫʥʢʮʠʷʩʳ [ ]ba;  ʢʝʩʽʥʜʽʩʽʥʜʝ ᴇʟʽʥʽש ʝװ שʣʢʝʥ ʞᴅʥʝ ʝש ʢʽʰʽ ʤᴅʥʜʝʨʽʥ 

] ʥʠסʘʙʳʣʜʘʡʜʳ, ʷץ ] [ ]baxxfxfxfxfbaxx ;)()(),()(:;, 2121 Í"¢²Í$ . 

ʚ) ʝʛʝʨ 0)()( <Ö bfaf  ʙʦʣʩʘ, ʦʥʜʘ 0)( 0 =xf  ʰʘʨʪʳʥ ץʘʥʘסʘʪʪʘʥʜʳʨʘʪʳʥ ʞᴅʥʝ );( ba  

ʘʨʘʣʳסʳʥʜʘ ʞʘʪʘʪʳʥ ʝש ʢʝʤʽʥʜʝ ʙʽʨ );(0 bax Í  ʥװʢʪʝʩʽ ʪʘʙʳʣʘʜʳ. ɹʘʩץʘʰʘ 

ʘʡʪץʘʥʜʘ )(xfy=  ʬʫʥʢʮʠʷʩʳ [ ]ba;  ʢʝʩʽʥʜʽʩʽʥʜʝ װʟʽʣʽʩʩʽʟ ʙʦʣʳʧ, ))(;( afaA  ʞᴅʥʝ 

))(;( bfbB  ʥװʢʪʝʣʝʨʽ ʘʙʮʠʩʩʘ ᴇʩʽʥʽש ᴅʨʪװʨʣʽ ʞʘץʪʘʨʳʥʜʘ ʦʨʥʘʣʘʩʩʘ, ʦʥʜʘ )(xfy=  

ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛʽ ʆʭ ᴇʩʽʥ ʝש ʢʝʤʽʥʜʝ ʙʽʨ ʥװʢʪʝʜʝ ץʠʳʧ ᴇʪʝʜʽ. 

ʛ) ʝʛʝʨ )(xfy=  ʬʫʥʢʮʠʷʩʳʥʳש [ ]ba;  ʢʝʩʽʥʜʽʩʽʥʜʝʛʽ ʝװ שʣʢʝʥ ʤᴅʥʽ ʄ ʩʘʥʳʥʘ, ʘʣ 

ʝש ʢʽʰʽ ʤᴅʥʽ m ʩʘʥʳʥʘ ʪʝש ʙʦʣʩʘ, ʷסʥʠ { } { } mxfMxf
baxbax

==
ÍÍ

)(min,)(max
];[];[

 , ʦʥʜʘ [m;M] 

ʢʝʩʽʥʜʽʩʽʥʝ ʪʠʽʩʪʽ ];[ MmcÍ"  ʩʘʥʳ װʰʽʥ cxf =)( 0  ʰʘʨʪʳʥ ץʘʥʘסʘʪʪʘʥʜʳʨʘʪʳʥ 

ʞᴅʥʝ [ ]ba;  ʘʨʘʣʳסʳʥʜʘ ʞʘʪʘʪʳʥ ʝש ʢʝʤʽʥʜʝ ʙʽʨ ];[0 bax Í  ʥװʢʪʝʩʽ ʪʘʙʳʣʘʜʳ. 

ʜ) ʝʛʝʨ )(xfy=  ʬʫʥʢʮʠʷʩʳ );( ba  ʘʨʘʣʳסʳʥʜʘ 0 ï ʜʝʥ ᴇʟʛʝʰʝ ʙʦʣʳʧ, ʪʝʢ ax=  

ʞᴅʥʝ bx=  ʥװʢʪʝʣʝʨʽʥʜʝ סʘʥʘ 0 ï ʛʝ ʪʝש ʙʦʣʩʘ ( ));(0)(),()( baxxfbfaf Í"¸=  , ʦʥʜʘ 

)(xfy=  ʬʫʥʢʮʠʷʩʳ );( ba  ʘʨʘʣʳסʳʥʜʘ ʪʝʢ ʦש ʤᴅʥʜʝʨ ʥʝʤʝʩʝ ʪʝʢ ʪʝʨʽʩ ʤᴅʥʜʝʨ 

)(ʘʙʳʣʜʘʡʜʳ: 0ץ ʘʥʘס >xf   );( baxÍ"  ʥʝʤʝʩʝ 0)( <xf   );( baxÍ" . 

ɽʩʢʝʨʪʫ: ʌʫʥʢʮʠʷʥʳש ʥװʢʪʝʩʽʥʜʝʛʽ ʰʝʛʽʥ ʝʩʝʧʪʝʛʝʥʜʝ װʟʽʣʽʩʩʽʟ ʬʫʥʢʮʠʷʥʳש 

ʥװʢʪʝʩʽʥʜʝʛʽ ʰʝʛʽ ʦʣ ʬʫʥʢʮʠʷʥʳש ʩʦʣ ʥװʢʪʝʩʽʥʜʝʛʽ ʤᴅʥʽʥʝ ʪʝש ʙʦʣʘʪʳʥʜʳסʳʥ 

ʧʘʡʜʘʣʘʥʫ ʢʝʨʝʢ.  

ʄʳʩʘʣʳ: ʄʳʥʘ ʰʝʢʪʽ ʝʩʝʧʪʝʡʽʢ: 
52

3
lim

10 +

-

 x

x

x
 

10=x  ʥװʢʪʝʩʽʥʜʝ ʬʫʥʢʮʠʷ װʟʽʣʽʩʩʽʟ
25

7

510*2

310
)10(

52

3
lim

10
=

+

-
==

+

-
Ý


y

x

x

x
 

 

ʊʘʤʘʰʘ ʰʝʢʪʝʨ. 

 

1
sin

lim.1
0

=
 x

x

x
                                 

e
x

x

x
=ö

÷

õ
æ
ç

å
+

¤

1
1lim.2  

      ʅʝʛiʟi  ʝ ʩʘʥʳ ʙʦʣʘʪʳʥ ʣʦʛʘʨʠʬʤ ʥʘʪʫʨʘʣ ʣʦʛʘʨʠʬʤ ʜʝʧ ʘʪʘʣʘʜʳ ʞᴅʥʝ lnx ʜʝʧ 

ʙʝʣʛiʣʝʥʝʜi.        

ʉʘʣʜʘʨ:  

0

0

0

1

0

1) 1;

arcsin
2) 1;

3) 1;

4) (1 ) .

x

x

x

x

x

tgx
Lim

x

x
Lim

x

arctgx
Lim

x

Lim x e









=

=

=

+ =

 

 

ʄʳʩʘʣ 1. ɾʘʣʧʳ ʤװʰʝʩʽ 
n

x
n

n
3

)1(
1
-

+=  ʙʦʣʘʪʳʥ ʩʘʥ ʪʽʟʙʝʛʽʥʽש ʘʣסʘʰץʳ 4 

ʤװʰʝʩʽʥ ʪʘʧ. 



15 

 

ʐʝʰʫʽ:  
3

2

13

)1(
1

1

1 =
Ö

-
+=x  ,   

6

7

23

)1(
1

2

2 =
Ö

-
+=x ,    

9

8

33

)1(
1

3

3 =
Ö

-
+=x ,   

 
12

13

43

)1(
1

4

4 =
Ö

-
+=x ,... 

 

ʄʳʩʘʣ 2. ʉʘʥ ʪʽʟʙʝʛʽʥʽש ʘʣסʘʰץʳ ʙʝʩ ʤװʰʝʩʽ  ,...
162

14
,

54

11
,

18

8
,

6

5
,

2

2
 ʙʦʡʳʥʰʘ 

ʦʥʳש ʞʘʣʧʳ ʤװʰʝʩʽʥʽש ʬʦʨʤʫʣʘʩʳʥ ʞʘʟ. 

 

ʐʝʰʫʽ: ʊʽʟʙʝʢ ʤװʰʝʣʝʨʽʥʽש ʘʣʳʤʳʥʜʘ ʪײʨסʘʥ ʩʘʥʜʘʨ 2, 5, 8, 11, 14 ʘʡʳʨʤʘʩʳ 3-

ʢʝ ʙʽʨʽʥʰʽ ʤװʰʝʩʽ 2-ʛʝ ʪʝש ʘʨʠʬʤʝʪʠʢʘʣʳץ ʧʨʦʛʨʝʩʩʠʷʥʳ ײץʨʘʡʜʳ. ʉʦʥʜʳץʪʘʥ 

ʘʣʳʤʳʥʳש ʞʘʣʧʳ ʪװʨʽ ʘʨʠʬʤʝʪʠʢʘʣʳץ ʧʨʦʛʨʝʩʩʠʷʥʳש ʞʘʣʧʳ ʤװʰʝʩʽ 

13)1(32 -=-+= nnan  ʪװʨʽʥʜʝ ʘʥʳץʪʘʣʘʜʳ. ɹᴇʣʽʤʽʥʜʝʛʽ ʩʘʥʜʘʨʜʳש ᴇʩʫ 

ʟʘשʜʳʣʳסʳ ʙʽʨʽʥʰʽ ʤװʰʝʩʽ 2-ʛʝ, ʝʩʝʣʽʛʽ 3-ʢʝ ʪʝש ʛʝʦʤʝʪʨʠʷʣʳץ ʧʨʦʛʨʝʩʩʠʷ 

ʨʽ 132װʞʘʣʧʳ ʪ שʪʘʥ ʙᴇʣʽʤʽʥʽץʨʘʡʜʳ. ʉʦʥʜʳײץ -Ö= n

nb  ʘʨץʳʣʳ ᴇʨʥʝʢʪʝʣʝʜʽ. 

ʉʦʥʳʤʝʥ ʪʽʟʙʝʢ ʤװʰʝʣʝʨʽʥʽש ʞʘʣʧʳ ʤװʰʝʩʽ ʤʳʥʘ ʬʦʨʤʫʣʘ 
132

13
-Ö

-
=

nn

n
x  ʘʨץʳʣʳ 

ᴇʨʥʝʢʪʝʣʝʜʽ. 

 

ʄʳʩʘʣ 3. ɾʘʣʧʳ ʤװʰʝʩʽ 
38

23

+

+
=

n

n
xn  ʙʦʣʘʪʳʥ ʩʘʥ ʪʽʟʙʝʛʽʥʽש ʰʝʛʽ 

8

3
 ʙʦʣʘʪʳʥʳʥ 

ʜᴅʣʝʣʜʝʫ ʢʝʨʝʢ. 

 

ʐʝʰʫʽ: ʐʝʢʪʽש ʘʥʳץʪʘʤʘʩʳ ʙʦʡʳʥʰʘ ʤʳʥʘ e<-
+

+
=-

8

3

38

23

8

3

n

n
xn  ʪʝשʩʽʟʜʽʢ 

ʦʨʳʥʜʘʣʫʳ ʢʝʨʝʢ. ʆʩʳʜʘʥ e<
+2464

7

n
 ʥʝʤʝʩʝ ö

÷

õ
æ
ç

å
-> 24

7

64

1

e
n  ʙʦʣʘʜʳ. ʉʦʥʳʤʝʥ 

e<-axn  ʪʝשʩʽʟʜʽʛʽ ʤʳʥʘ ö
÷

õ
æ
ç

å
-> 24

7

64

1

e
N  ʩʘʥʥʘʥ ʘʨʪʳץ n ʥᴇʤʽʨʣʝʨʜʝʥ ʙʘʩʪʘʧ 

ʦʨrʥʜʘʣʘʪʳʥ ʙʦʣʘʜʳ. ʆʣʘʡ ʙʦʣʩʘ 
8

3
 ʰʝʛʽ ʙʦʣʳʧ שʘʥ ʪʽʟʙʝʢʪʽסʘʨʘʩʪʳʨʳʧ ʦʪʳʨץ 

ʪʘʙʳʣʘʜʳ. ɽʛʝʨ 
1000

1
=e  ʙʦʣʩʘ, ʦʥʜʘ 

1000

1

8

3
<-nx ,   109)247000(

64

1
=-=>Nn , 

ʷסʥʠ n=110,  111, ... ʉʦʥʳʤʝʥ 
1000

1

8

3
<-nx  ʪʝשʩʽʟʜʽʛʽ 110-ʰʳ ʥᴇʤʽʨʜʝʥ ʙʘʩʪʘʧ 

ʦʨʳʥʜʘʣʘʪʳʥ ʙʦʣʘʜʳ. ʄʳʥʘ ö
÷

õ
æ
ç

å
+-

1000

1

8

3
;

1000

1

8

3
 ʠʥʪʝʨʚʘʣʜʳש ʩʳʨʪʳʥʜʘ ʞʘʪץʘʥ 

ʪʽʟʙʝʢʪʽש ʤװʰʝʣʝʨʽʥʽש ʩʘʥʳ 109, ʘʣ 110-ʰʽ ʥᴇʤʽʨʜʝʥ ʙʘʩʪʘʧ ʪʽʟʙʝʢʪʽש ʙʘʨʣʳץ 

 .ʽʰʽʥʜʝ ʞʘʪʘʜʳ שʰʝʣʝʨʽ ʦʩʳ ʠʥʪʝʨʚʘʣʜʳװʘʥ ʤסʘʣץ

 

ʄʳʩʘʣ 4. ɾʘʣʧʳ ʤװʰʝʩʽ 
2

1
3

3

+

+
=

n

n
xn  ʙʦʣʘʪʳʥ ʩʘʥ ʪʽʟʙʝʛʽʥʽש ʰʝʢʪʝʣʛʝʥʜʽʛʽʥ 

ʜᴅʣʝʣʜʝ. 
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ʐʝʰʫʽ: ɹʝʨʽʣʛʝʥ ʩʘʥ ʪʽʟʙʝʛʽʥ ʙʳʣʘʡ ʞʘʟʘʡʳץ: 
2

1
1

2

1
33

3

+
-=

+

+

nn

n
. ɹײʜʘʥ 

1
2

1
0

3

3

<
+

+
<

n

n
. ɼʝʤʝʢ {}nx  ʰʝʢʪʝʣʛʝʥ ʪʽʟʙʝʢ. 

 

ʄʳʩʘʣ 5. ʌʫʥʢʮʠʷʥʳש ʰʝʛʽʥ ʪʘʙʫ ʢʝʨʝʢ:  

 

ʘ)  
( )( )

( )( )

2

22 2 2

2 5 35 13 6 5 3 7
lim lim lim 0,7.

3 2 8 2 3 4 3 4 10x x x

x xx x x

x x x x x- - -

+ ++ + +
= = = =

+ - + - -
 

 

ʙ)   
2

24

3 10 8 0
lim 0.

4 6 64 24x

x x

x x

- -
= =

+ -
 

 

ʚ)   

4 3

4 3 4 4 4 4

4 24 2

2 34 4 4

7 2 5 2 5
7

7 2 5 7
lim lim lim .

3 76 3 76 3 7 6
6

x x x

x x

x x x x x x x

x x xx x x

x xx x x

¤ ¤ ¤

+ + + +
+ +

= = =
+ -

+ -+ -

 

ʛ)   
3

3 2

2 3 2 3

3 310 10
10 3 10

lim lim lim 0.
4 3 4 32 4 3

2 2
x x x

x
x x x

x x
x x

x x x x

-¤ -¤ -¤

å õ
- -æ ö- ç ÷= = = =

+ + ¤å õ å õ
+ + + +æ ö æ ö

ç ÷ ç ÷

 

 

ʜ)   

( )( )
( )( ) ( )( )

( )( ) ( )( )

3 3 34 4 4

2 24 4

21 5 21 521 5 21 25
lim lim lim

64 64 21 5 64 21 5

4 1 1 1
lim lim .

4804 4 16 21 5 4 16 21 5

x x x

x x

x xx x

x x x x x

x

x x x x x x x

  

 

+ - + ++ - + -
= = =

- - + + - + +

-
= ³ = =

- + + + + + + + +

 

 

 

ʞ)   

2 5 2 5 2 5 2 5

3(2 5 ) /(2 3)
(2 3 ) /3

3(2 5 ) /(2 3) 15/ 2

2 2 2 2 3 3
lim lim 1 1 lim 1 lim 1

2 3 2 3 2 3 2 3

3
lim 1 lim .

2 3

x x x x

x x x x

x x
x

x x

x x

x x x x

x x x x

e e
x

- - - -

¤ ¤ ¤ ¤

- -
-

- - -

¤ ¤

- +å õ å õ å õ å õ
= + - = + = + =æ ö æ ö æ ö æ ö

- - - -ç ÷ ç ÷ ç ÷ ç ÷

å õå õ
æ ö= + = =æ ö
æ ö-ç ÷ç ÷

 

 

ʄʳʩʘʣ 6. ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʣʘʨʜʳ װʟʽʣʽʩʩʽʟʜʽʢʢʝ ʟʝʨʪʪʝʫ ʢʝʨʝʢ ʢʝʨʝʢ: 

 

( )

2

2

, 0,

( ) 1 , 0 2,

5 , 2

x x

f x x x

x x

ë -¤< ¢
îî
= - < ¢ì
î - < <+¤
îí

   ʬʫʥʢʮʠʷʩʳ ʙʝʨʽʣʛʝʥ. 

ɹʝʨʽʣʛʝʥ ( )f x   ʬʫʥʢʮʠʷ  ( )( )( );0 , 0;2 , 2;-¤ +¤  ʠʥʪʝʨʚʘʣʜʘʨʳʥʳש ᴅʨץʘʡʩʳʩʳʥʜʘ 

ʵʣʝʤʝʥʪʘʨ ʬʫʥʢʮʠʷʣʘʨ ʘʨץʳʣʳ ʙʝʨʽʣʛʝʥʜʽʢʪʝʥ, ʦʩʳ ʠʥʪʝʛʨʚʘʣʜʘʨʜʘ װʟʽʣʽʩʩʽʟ. 
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ʉʦʥʜʳץʪʘʥ װʟʽʣʽʩ ʥװʢʪʝʣʝʨʽ ʙʘʨ ʙʦʣʩʘ, ʦʣ  1 20 2x ʥʝʤʝʩʝ x=  ʘʥʘ ʙʦʣʫʳס =

ʤװʤʢʽʥ. 

1 0x =  ʥװʢʪʝʩʽ װʰʽʥ: 
2

0 0 0 0 0 0 0 0

2

0

lim ( ) lim 0, lim ( ) lim ( 1) 1

(0) 0,

x x x x

x

f x x f x x

f x

 -  -  +  +

=

= = = - =

= =
 

ʷסʥʠ 1 0x =  ʥװʢʪʝʩʽʥʜʝ ( )f x  ʬʫʥʢʮʠʷʩʳʥʳש ʙʽʨʽʥʰʽ ʪʝʢʪʽ װʟʽʣʽʩʽ ʙʘʨ. 

2 2x =  ʥװʢʪʝʩʽ װʰʽʥ: 
2

2 0 2 0 2 0 2 0

2

2

lim ( ) lim ( 1) 1, lim ( ) lim (5 ) 3

(2) ( 1) 1,

x x x x

x

f x x f x x

f x

 -  -  +  +

=

= - = = - =

= - =
 

ʷסʥʠ 2 2x =  - ʬʫʥʢʮʠʷʥʳש ʙʽʨʽʥʰʽ ʪʝʢʪʽ װʟʽʣʽʩ ʥװʢʪʝʩʽ. 

 

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:   
1. ʅװʢʪʝʥiש ʘʡʤʘסʳ ʜʝʛʝʥiʤiʟ ʥʝ?  

2. ʉʘʥ ʪiʟʙʝʛi ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?  

3. ʉʘʥ ʪiʟʙʝʛiʥiש ʰʝʛi ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?  

4. ʊiʟʙʝʢ ʰʝʛiʥiש ʘʥʳץʪʘʤʘʩʳʥ ʪײʞʳʨʳʤʜʘ.  

5. ʌʫʥʢʮʠʷʥʳש ʥװʢʪʝʜʝʛi ʞᴅʥʝ ʰʝʢʩiʟʜiʢʪʝʛi ʰʝʛiʥiש ʘʥʳץʪʘʤʘʩʳʥ 

ʪײʞʳʨʳʤʜʘ.  

  ?ʜʝʧ ʘʪʘʣʘʜʳ (ʣʢʝʥװ ʰʝʢʩiʟ) ʘʥʜʘʡ ʬʫʥʢʮʠʷ ʰʝʢʩiʟ ʘʟפ .6

7. ʌʫʥʢʮʠʷ ʰʝʛiʥiש ʥʝʛiʟʛi ץʘʩʠʝʪʪʝʨiʥ ʘʪʘ.  

  ?ʟiʣiʩʩiʟ ʜʝʧ ʘʪʘʣʘʜʳװ ʢʪʝʜʝ ʞᴅʥʝ ʠʥʪʝʨʚʘʣʜʘװʘʥʜʘʡ ʬʫʥʢʮʠʷ ʥפ .8

9. ɹiʨiʥʰi ʞᴅʥʝ ʝʢiʥʰi ʪʘʤʘʰʘ ʰʝʢʪʝʨʜiש ʬʦʨʤʫʣʘʣʘʨʳʥ ʞʘʟ.  

  ?ʘʥʜʘʡ ʣʦʛʘʨʠʬʤ ʥʘʪʫʨʘʣ ʜʝʧ ʘʪʘʣʘʜʳפ  .10

 

 

ɾʘʪʪʳϤʫʣʘʨ: 

1. ɾʘʣʧʳ ʤװʰʝʩʽ ʘ)12+=nxn ,   ʙ)nz n

n Ö-= )1( ,  ʚ)
n

yn

1
= ,  ʙʦʣʘʪʳʥ ʩʘʥ ʪʽʟʙʝʛʽʥʽש 

ʘʣסʘʰץʳ 5 ʤװʰʝʩʽʥ ʪʘʧ. 

2. ʉʘʥ ʪʽʟʙʝʛʽʥʽש ʘʣסʘʰץʳ ʙʝʩ ʤװʰʝʩʽ   ʘ) 1, 4, 9, 16, 25,...       

                                                                  ʙ)  ,...
9

1
,

7

1
,

5

1
,

3

1
,1 --       

ʙʦʡʳʥʰʘ ʦʥʳש ʞʘʣʧʳ ʤװʰʝʩʽʥʽש ʬʦʨʤʫʣʘʩʳʥ ʞʘʟ. 

 

3. ʊʽʟʙʝʢ ʰʝʛʽʥʽש ʘʥʳץʪʘʤʘʩʳʥ ʧʘʡʜʘʣʘʥʳʧ, ʤʳʥʘ ʪʝשʜʽʢʪʝʨʜʽ ʜᴅʣʝʣʜʝ:  

     1) 0
2

lim
4
=

¤ nn
,                      2) 1

2

1
1lim =ö

÷

õ
æ
ç

å
-

¤ nn
,                       3)  0

5

)1(
lim =
-

¤ n

n

n
        

 

4. ʊʽʟʙʝʢ ʰʝʛʽʥ ʪʘʧ:   1) 
15

13

+

-
=

n

n
an ,       2)  

1+
=

n

n
an        3) 

nn

n
an

102-
=  
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5. {}nx  ʪʽʟʙʝʛʽ ʰʝʢʩʽʟ ʘʟ ʪʽʟʙʝʢ ʙʦʣʘʪʳʥʳʥ ʜᴅʣʝʣʜʝ: 1) 
n

x
n

n

1)1( +-
= ,    2) 

1

2
3+

=
n

n
xn

. 

 

6. {}nx  ʪʽʟʙʝʛʽ ʰʝʢʩʽʟ װʣʢʝʥ ʪʽʟʙʝʢ ʙʦʣʘʪʳʥʳʥ ʜᴅʣʝʣʜʝ: 1) n

nx )1(-= ,    2) n

nx 2= . 

 

7. ʄʳʥʘ ʰʝʢʪʝʨʜʽ ʪʘʤʘʰʘ ʰʝʢʪʝʨʜʽש ʢᴇʤʝʛʽʤʝʥ ʝʩʝʧʪʝ:  

    1) 
n

n

n

3sin
lim

0
                   2) 

2

2

0

3
sin

lim
n

n

n
              3)  

20

cos1
lim

n

n

n

-


   

       4)   
n

n n
ö
÷

õ
æ
ç

å
+

¤

3
1lim                5)  

n

n n
ö
÷

õ
æ
ç

å
-

¤ 2

1
1lim             6)  

n

n n

n
ö
÷

õ
æ
ç

å

+¤ 2
lim  

 

8. ɾʘʣʧʳ ʤװʰʝʩʽ  
n

n
un

1-
=  ʙʦʣʘʪʳʥ ʩʘʥ ʪʽʟʙʝʛʽʥʽש ʘʣסʘʰץʳ 5 ʤװʰʝʩʽʥ ʪʘʧ. 

 

9. ʉʘʥ ʪʽʟʙʝʛʽʥʽש ʘʣסʘʰץʳ ʙʝʩ ʤװʰʝʩʽ   ʘ) ,...
6

4
,

5

3
,

4

2
,

3

1
,0     

                                                                  ʙ) ,...
32

1
,

16

1
,

8

1
,

4

1
,

2

1
--   

ʙʦʡʳʥʰʘ ʦʥʳש ʞʘʣʧʳ ʤװʰʝʩʽʥʽש ʬʦʨʤʫʣʘʩʳʥ ʞʘʟ. 

 

10. ʊʽʟʙʝʢ ʰʝʛʽʥʽש ʘʥʳץʪʘʤʘʩʳʥ ʧʘʡʜʘʣʘʥʳʧ, ʤʳʥʘ ʪʝשʜʽʢʪʝʨʜʽ ʜᴅʣʝʣʜʝ:  

     1) 5
1

15
lim =

+

-

¤ n

n

n
                       2) 0

1

2
lim

2
=

-¤ n

n

n
 

 

11. ʊʽʟʙʝʢ ʰʝʛʽʥ ʪʘʧ:   1) 
100

100

+

-
=

n

n
an ,       2)  

102+
=

n

n
an        3) 

n

nn
an

3

122 +-
=  

 

4) 
73

152

+

+-
=

n

nn
an ,       5)  

nn

nn
an

15100

1100
3

23

+

+-
=        6) 

58

32
3

2

+-

--
=

nn

nn
an  

 

12. ʄʳʥʘ ʰʝʢʪʝʨʜʽ ʝʩʝʧʪʝ:   

      1) ( )1lim --
¤

nn
n

               2) ( )nnn
n

--
¤

22lim     

 

13. ʄʳʥʘ ʰʝʢʪʝʨʜʽ ʪʘʤʘʰʘ ʰʝʢʪʝʨʜʽש ʢᴇʤʝʛʽʤʝʥ ʝʩʝʧʪʝ:  

    1) 
n

n

n

2
sin

lim
0

                   2) 
nctgnn

1
lim

0
              3)  

nn

n

n sin

2cos1
lim

0

-


   

     

   4)   
n

n n
ö
÷

õ
æ
ç

å
-

¤

4
1lim                5)  

2

4

3
1lim

+

¤
ö
÷

õ
æ
ç

å
-

n

n n
            6)  

n

n n

n
2

1

1
lim ö

÷

õ
æ
ç

å

+

-

¤
 

 

 



19 

 

14. ʄʳʥʘ ʰʝʢʪʝʨʜʽ ʝʩʝʧʪʝ:   1) 
2

22

5 13 6
lim

3 2 8x

x x

x x

+ +

+ -
,                    2) 

2

24

3 10 8
lim

4 6 64x

x x

x x-

- -

+ -
        

     

3) 
ʭxx

xx

x 736

527
lim

24

34

-+

++

¤
           4)   

342

310
lim

3 ++

-

-¤ xx

x

x
              5) 

243

432
lim

2

35

+-

-+

-¤ xx

ʭxx

x
   

    

6) 
35

20 5
lim

125x

ʭ

x

+ -

-
           7) 

2 5
2

lim
2 3

ʭ

x

x

x

+

¤

å õ
æ ö
-ç ÷

           8)  
ʭ

x x

x
71

52

34
lim

+

-¤
ö
÷

õ
æ
ç

å

-

+
     9) 

22

2
sin1

lim
x

x

x -

ö
÷

õ
æ
ç

å
-

 pp
 

 

15.  xxxf 2cos2cos)( 3-=  ʞᴅʥʝ  32 53)( xxx -=j   ʬʫʥʢʮʠʷʣʘʨʳ 0x  ,ʘʥʜʘסʤʪʳʣײ 

ʨʝʪʪʝʨʽ ʙʽʨʜʝʡ ʘץʳʨʩʳʟ ʢʽʰʢʝʥʝ ʙʦʣʘʪʳʥʳʥ ʜᴅʣʝʣʜʝ. 

 

 

16. ʄʳʥʘ ʰʝʢʪʝʨʜʽ ʝʩʝʧʪʝ:   1) 
2012

65
lim

2

2

2 +-

+-

 xx

xx

x
           2) 

1253

15112
lim

2

2

3 -+

++

- xx

xx

x
 

 

3) 
ʭxx

xx

x -+

+-

¤ 23

23

52

253
lim            4)   

132

42
lim

24

5

++

+-

¤ xx

xʭ

x
              5) 

127

532
lim

23

2

+-

-+

¤ xx

xx

x
   

    

6) 
ʭʭ

ʭʭ

x ---

-+

 42

12
lim

2

3
          7) 

ʭ

x x

x
3

8

4
lim

-

¤
ö
÷

õ
æ
ç

å

+

+
          8)  

1

75

32
lim

+

¤
ö
÷

õ
æ
ç

å

+

+
ʭ

x x

x
     9) 

20 3

8cos1
lim

x

x

x

-


 

 

17.  xtgxf 2)( =  ʞᴅʥʝ  xx arcsin)( =j   ʬʫʥʢʮʠʷʣʘʨʳ 0x  ʘʥʜʘ, ʨʝʪʪʝʨʽסʤʪʳʣײ 

ʙʽʨʜʝʡ ʘץʳʨʩʳʟ ʢʽʰʢʝʥʝ ʙʦʣʘʪʳʥʳʥ ʜᴅʣʝʣʜʝ. 

 

 

18. ʄʳʥʘ ʰʝʢʪʝʨʜʽ ʝʩʝʧʪʝ:    

1) 
243

432
lim

2

35

+-

-+

-¤ xx

ʭxx

x
                         2) 

64

521
lim

34 -

-+

 x

ʭ

x
                            3) 

ʭ

x x

x
52

32

2
lim

-

¤
ö
÷

õ
æ
ç

å

-
           4)  

ʭ

x x

x
71

52

34
lim

+

-¤
ö
÷

õ
æ
ç

å

-

+
     5) 

22

2
sin1

lim
x

x

x -

ö
÷

õ
æ
ç

å
-

 pp
 

 

19.  xxxf 2cos2cos)( 3-=  ʞᴅʥʝ  32 53)( xxx -=j   ʬʫʥʢʮʠʷʣʘʨʳ 0x  ,ʘʥʜʘסʤʪʳʣײ 

ʨʝʪʪʝʨʽ ʙʽʨʜʝʡ ʘץʳʨʩʳʟ ʢʽʰʢʝʥʝ ʙʦʣʘʪʳʥʳʥ ʜᴅʣʝʣʜʝ. 

 

20. ʕʢʚʠʚʘʣʝʥʪʪʽ ʘץʳʨʩʳʟ ʢʽʰʢʝʥʝ ʬʫʥʢʮʠʷʣʘʨʜʳ ʧʘʡʜʘʣʘʥʳʧ ʰʝʢʪʽ ʪʘʧ:  

)41ln(

8arcsin
lim

0 x

x

x +
. 
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21. ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳ װʟʽʣʽʩʩʽʟʜʽʢʢʝ ʟʝʨʪʪʝ: 
î
í

î
ì

ë

+¤<<-

¢<-

¢<¤-

=

xx

xx

xx

xf

2,5

20,)1(

0,

)( 2

2

 

 

22. 18)( 3

1

+= -xxf  ʬʫʥʢʮʠʷʩʳʥ 31=x  ʞᴅʥʝ 42 =x  ʥװʢʪʝʣʝʨʽʥʜʝ װʟʽʣʽʩʩʽʟʜʽʢʢʝ 

ʟʝʨʪʪʝ. 

 

23.  xtgxf 2)( =  ʞᴅʥʝ  xx arcsin)( =j   ʬʫʥʢʮʠʷʣʘʨʳ 0x  ʘʥʜʘ, ʨʝʪʪʝʨʽסʤʪʳʣײ 

ʙʽʨʜʝʡ ʘץʳʨʩʳʟ ʢʽʰʢʝʥʝ ʙʦʣʘʪʳʥʳʥ ʜᴅʣʝʣʜʝ. 

 

24. ʕʢʚʠʚʘʣʝʥʪʪʽ ʘץʳʨʩʳʟ ʢʽʰʢʝʥʝ ʬʫʥʢʮʠʷʣʘʨʜʳ ʧʘʡʜʘʣʘʥʳʧ ʰʝʢʪʽ ʪʘʧ:  

23

2

0 5

)31ln(
lim

ʭʭ

x

x -

+


. 

 

25. ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳ װʟʽʣʽʩʩʽʟʜʽʢʢʝ ʟʝʨʪʪʝ: 
î
í

î
ì

ë

²

<¢-+

-<+

=

1,2

11,1

1,4

)( 2

xx

xx

ʭʭ

xf  

 

26. 
2

7
)(

-

+
=

x

x
xf  ʬʫʥʢʮʠʷʩʳʥ 21=x  ʞᴅʥʝ 32 =x  ʥװʢʪʝʣʝʨʽʥʜʝ װʟʽʣʽʩʩʽʟʜʽʢʢʝ ʟʝʨʪʪʝ. 

 

 

3 ʪʘץʳʨʳʧ  ʌʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳ. ɼʠʬʬʝʨʝʥʮʠʘʣʜʘʫ ʝʨʝʞʝʣʝʨʽ. 

ɼʠʬʬʝʨʝʥʮʠʘʣ ʞᴅʥʝ ʦʥʳש ʢʦʣʜʘʥʳʣʫʳ. ʆʨʪʘ ʤᴅʥ ʪʫʨʘʣʳ ʪʝʦʨʝʤʘʣʘʨ 

 

ʄʘϨʩʘʪ: ʉʪʫʜʝʥʪʪʝʨʜi ʜʠʬʬʝʨʝʥʮʠʘʣʜʳץ ʝʩʝʧʪʝʫʜiש ʥʝʛiʟʛi סײʳʤʳ ʙiʨ 

ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳ, ʦʥʳש ʛʝʦʤʝʪʨʠʷʣʳץ, ʬʠʟʠʢʘʣʳץ ʞᴅʥʝ ʥʝʛiʟʛi 

ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫ ʝʨʝʞʝʣʝʨiʤʝʥ ʪʘʥʳʩʪʳʨʫ.    

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ: 

1. ɸʨʛʫʤʝʥʪʪiש ʞᴅʥʝ ʬʫʥʢʮʠʷʥʳש ᴇʩiʤʰʝʩi.  

2. ʊʫʳʥʜʳʥʳש ʘʥʳץʪʘʤʘʩʳ. 

3. ʕʣʝʤʝʥʪʘʨ ʬʫʥʢʮʠʷʣʘʨʜʳש ʪʫʳʥʜʳʩʳ ʞᴅʥʝ ʥʝʛiʟʛi ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫ 

ʝʨʝʞʝʣʝʨi.  

4. ʂװʨʜʝʣi, ʢʝʨi ʞᴅʥʝ ʘʡץʳʥ ʝʤʝʩ ʬʫʥʢʮʠʷʣʘʨʜʳש ʪʫʳʥʜʳʩʳ.  

5. ʊʫʳʥʜʳʥʳש ʛʝʦʤʝʪʨʠʷʣʳץ, ʬʠʟʠʢʘʣʳץ ʞᴅʥʝ ʵʢʦʥʦʤʠʢʘʣʳץ ʤʘסʳʥʘʩʳ. 

 

( )y f x=  ʬʫʥʢʮʠʷʩʳ [ ]bʘ;  ʢʝʩiʥʜiʩiʥʜʝ ʘʥʳץʪʘʣʩʳʥ. 0ʭʭ=  ʦʩʳ ʢʝʩiʥʜiʥiש ʪײʨʘץʪʳ 

ʥװʢʪʝʩi, ʘʣ ʭ ʦʩʳ [ ]bʘ;  ʢʝʩiʥʜiʩiʥʝ ʪʠiʩʪi ʘʡʥʳʤʘʣʳ ʥװʢʪʝ ʙʦʣʩʳʥ. 
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3 ʩʫʨʝʪ-  ɸʨʛʫʤʝʥʪʪiש ʞᴅʥʝ ʬʫʥʢʮʠʷʥʳש ᴇʩiʤʰʝʩi. 

       0ʭ ʥװʢʪʝʩiʥʝʥ ʭ ʥװʢʪʝʩiʥʝ ʢᴇʰʢʝʥʜʝ ʘʨʛʫʤʝʥʪʪiש ʤᴅʥi 0ʭʭʭ -=D  ʰʘʤʘʩʳʥʘ 

ᴇʟʛʝʨʝʜi. ʆʩʳ ʰʘʤʘ ʘʨʛʫʤʝʥʪʪiϬ Ϻʩiʤʰʝʩi ʜʝʧ ʘʪʘʣʘʜʳ.       

       ʉʦʥʜʘ ʬʫʥʢʮʠʷ ʤᴅʥi 0( ) ( )y f x f xD = -  ʰʘʤʘסʘ ᴇʟʛʝʨʝʜi. ʆʩʳ ʰʘʤʘ 0ʭ 

ʥװʢʪʝʩiʥʜʝʛi ʬʫʥʢʮʠʷ Ϻʩiʤʰʝʩi ʜʝʧ ʘʪʘʣʘʜʳ.  

ɸʥʳϨʪʘʤʘ. 0ʭ ʥװʢʪʝʩiʥʜʝʛi )(xf  ʬʫʥʢʮʠʷʩʳʥʳϬ ʪʫʳʥʜʳʩʳ ʜʝʧ ʬʫʥʢʮʠʷ 

ᴇʩiʤʰʝʩiʥiש ʘʨʛʫʤʝʥʪ ᴇʩiʤʰʝʩiʥʝ ץʘʪʳʥʘʩʳʥʳ0 שDʭ  ʳ ʰʝʛi (ʝʛʝʨסʘʥʜʘסʤʪʳʣײ 

ʦʣ ʰʝʢ ʙʘʨ ʙʦʣʩʘ) ʘʪʘʣʘʜʳ:  

                                               

x

xfxxf

x

y
xf

xx D

-D+
=

D

D
=¡

DD

)()(
limlim)( 00

00
0  

 

ʌʫʥʢʮʠʷ ʪʫʳʥʜʳʩʳʥʳש ʙiʨʥʝʰʝ ʙʝʣʛiʣʝʫʣʝʨi ʙʘʨ: )( 0xf¡ ,  )( 0xy¡ ,   dy

dx

,  
dx

xdf )(
. 

 

       ɽʛʝʨ ʭ  ʥװʢʪʝʩiʥʜʝ ʬʫʥʢʮʠʷʥʳש ʘץʳʨʣʳ ʪʫʳʥʜʳʩʳ ʙʦʣʩʘ, ʦʥʜʘ ʬʫʥʢʮʠʷ ʦʣ 

ʥװʢʪʝʜʝ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʜʝʧ ʘʪʘʣʘʜʳ. ʌʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳʥ ʪʘʙʫ 

ʘʤʘʣʳ ʬʫʥʢʮʠʷʥʳ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫ ʜʝʧ ʘʪʘʣʘʜʳ.    

 

ʊʫʳʥʜʳ ʪʘʙʫ ʢʝʩʪʝʩi: 

 

1.  0=¡ʉ ,   ʉ- const 

2. 
1)( -=¡ aa xx a
         ɼʝʨʙʝʩ ʞʘסʜʘʡʜʘ   1=¡ʭ ,   2

11

xx
-=

¡

ö
÷

õ
æ
ç

å

,
      ( )

x
x

2

1
=
¡

  
   

( ) lnx xa a a¡=                    

3. ( )x xe e¡=           

4. 
ax

e
x

x aa
ln

1
log

1
)(log ==¡  

5. x
x

1
)(ln =¡
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6. (sin ) cosx x¡=                          

 

7. (cos ) sinx x¡=-  

8. 
2

1
( )

cos
tgx

x
¡=  

9. 
 

2

1
( )

sin
ctgx

x
¡=-

    
 

10. 
21

1
)(arcsin

x
x

-
=¡  

11. 
21

1
)(arccos

x
x

-
-=¡

   

 

12. 
21

1
)(

x
arctgx

+
=¡

            
 

13. 
21

1
)(

x
arcctgx

+
-=¡  

 

ʅʝʛiʟʛi ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫ ʝʨʝʞʝʣʝʨi: 

     ɽʛʝʨ  )(xuu= ; )(xvv=  ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʬʫʥʢʮʠʷʣʘʨ ʙʦʣʩʘ, ʦʥʜʘ ʤʳʥʘ 

ʬʦʨʤʫʣʘʣʘʨ ʦʨʳʥʜʘʣʘʜʳ:  

1. vuvu ¡°¡=¡° )( ; 

2. uvvuvu ¡+¡=¡Ö)( ; 

3.   ucuc ¡Ö=¡Ö)( ; 

4. 
2v

vuvu

v

u ¡-¡
=

¡

ö
÷

õ
æ
ç

å
. 

  ʊʝʦʨʝʤʘ. ɽʛʝʨ )(ufy= , )(xu j=  ᴇʟ ʘʨʛʫʤʝʥʪʪʝʨi ʙʦʡʳʥʰʘ 

ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʬʫʥʢʮʠʷʣʘʨ ʙʦʣʩʘ, ʦʥʜʘ ))(( xfy j=  ʢװʨʜʝʣi 

ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳ ʙʦʣʘʜʳ ʞᴅʥʝ ʦʣ ʙʝʨiʣʛʝʥ ʬʫʥʢʮʠʷʥʳש ʘʨʘʣʳץ 

ʘʨʛʫʤʝʥʪ ʙʦʡʳʥʰʘ ʪʫʳʥʜʳʩʳ ʤʝʥ ʘʨʘʣʳץ ʘʨʛʫʤʝʥʪʪiש ʪᴅʫʝʣʩiʟ ʘʡʥʳʤʘʣʳ ʭ 

ʙʦʡʳʥʰʘ ʪʫʳʥʜʳʩʳʥʳש ʢᴇʙʝʡʪiʥʜiʩiʥʝ ʪʝש, ʷסʥʠ  

     uufyx
¡Ö¡=¡ )(  ʥʝʤʝʩʝ  

dx

du

du

dy

dx

dy
Ö= . 

  ʊʝʦʨʝʤʘ. ʊʫʳʥʜʳʩʳ ʥʦʣʴʛʝ ʪʝש ʙʦʣʤʘʡʪʳʥ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ 

ʬʫʥʢʮʠʷʥʳש ʢʝʨi ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳ ʙʝʨiʣʛʝʥ ʬʫʥʢʮʠʷ ʪʫʳʥʜʳʩʳʥʳש 

ʢʝʨi ʰʘʤʘʩʳʥʘ ʪʝש, ʷסʥʠ   
x

y
y

x
¡

=¡
1

. 

ʇʘʨʘʤʝʪʨʣʽʢ ʪϮʨʜʝʛʽ ʬʫʥʢʮʠʷʥʳϬ  ʪʫʳʥʜʳʩʳ. )(),( tytx yj ==    

ʬʫʥʢʮʠʷʩʳ    t ʘʡʥʳʤʘʣʳʩʳʥʳש ᴇʟʛʝʨʫ ʘʨʘʣʳסʳʥʜʘ ʘʥʳץʪʘʣʩʳʥ, ʦʥʳ ʧʘʨʘʤʝʪʨ 

ʜʝʧ ʘʪʘʡʤʳʟ. )(tx j=  ʬʫʥʢʮʠʷʩʳ ʦʩʳ ʘʨʘʣʳץʪʘ ץʘʪʘש ʤʦʥʦʪʦʥʜʳ ʙʦʣʩʳʥ. y=f(x) 

ʬʫʥʢʮʠʷʩʳʥ )(),( tytx yj ==  ʪʝשʜʝʫʽʤʝʥ ʙʝʨʽʣʫʽʥ ʬʫʥʢʮʠʷʥʳש  ʧʘʨʘʤʝʪʨʣʽʢ 

ʪװʨʜʝ ʙʝʨʽʣʫʽ ʜʝʧ ʘʪʘʡʤʳʟ. ɽʛʝʨ )(tx j=  ʞᴅʥʝ  )(ty y=  ʬʫʥʢʮʠʷʣʘʨʳʥʳש 

ʪʫʳʥʜʳʣʘʨʳ () 0̧¡tj  ʞᴅʥʝ  )(ty¡  ʙʦʣʩʘ, ʦʥʜʘ y=f(x) ʬʫʥʢʮʠʷʩʳʥʳש ʜʘ ʪʫʳʥʜʳʩʳ 
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ʙʘʨ ʙʦʣʘʜʳ, ʤײʥʜʘסʳ        
)(

)(
)(

t

t
xf
j

y

¡

¡
=¡     )(tj¡   ʪʘשʙʘʩʳ ʘʥʳץʪʘʣסʘʥ ʪʫʳʥʜʳʥʳש 

ʙʘʨ ʙʦʣʫʳ  )(tx j=  ʬʫʥʢʮʠʷʩʳʥʳץ שʘʪʘש ʤʦʥʦʪʦʥʜʳʣʳסʳʥʳש ʞʝʪʢʽʣʽʢʪʽ ʰʘʨʪʳ 

ʙʦʣʳʧ ʪʘʙʳʣʘʜʳ  ʞᴅʥʝ  ʩᴅʡʢʝʩʽʥʰʝ y=f(x) ʧʘʨʘʤʝʪʨʣʽʢ ʪװʨʜʝʛʽ ʬʫʥʢʮʠʷ ʙʘʨ 

ʙʦʣʘʜʳ.   

ʊʫʳʥʜʳʥʳϬ ʛʝʦʤʝʪʨʠʷʣʳϨ ʤʘϤʳʥʘʩʳ.   ɽʛʝʨ ץʠʩʳץ )(xfy=  ʪʝשʜʝʫiʤʝʥ 

ʙʝʨiʣʩʝ, ʦʥʜʘ ktgxf ==¡ a)( 0  ʦʩʳ ʬʫʥʢʮʠʷ ʛʨʘʬʠʛiʥʝ 0x  ʥװʢʪʝʩiʥʜʝ ʞװʨʛiʟiʣʛʝʥ 

ʞʘʥʘʤʘʥʳש ʙײʨʳʰʪʳץ ʢʦʵʬʬʠʮʠʝʥʪiʥʝ ʪʝש, ʘʣ a ï ʞʘʥʘʤʘʥʳש ʢᴇʣʙʝʫʣiʢ 

ʙײʨʳʰʳ. ʉʦʥʜʘ )(xfy= ),( ʳʥʘסʠʩʳץ  000 yxA  ʥװʢʪʝʩiʥʜʝ ʞװʨʛiʟiʣʛʝʥ ʞʘʥʘʤʘʥʳש 

ʪʝשʜʝʫi (3-ʩʫʨʝʪ) ʤʳʥʘ ʪװʨʜʝ ʙʦʣʘʜʳ:  ))(( 000 xxxfyy -¡=- .  

 

   
4 ʩʫʨʝʪ- ʊʫʳʥʜʳʥʳש ʛʝʦʤʝʪʨʠʷʣʳץ ʤʘסʳʥʘʩʳ. 

   

  ʊʫʳʥʜʳʥʳϬ ʬʠʟʠʢʘʣʳϨ ʤʘϤʳʥʘʩʳ. ɽʛʝʨ ʥװʢʪʝ ʪװʟʫ ʙʦʡʳʤʝʥ )(tSS=

ʟʘשʳʤʝʥ ץʦʟסʘʣʩʳʥ, ʤײʥʜʘ S - ʞװʨiʣʛʝʥ ʞʦʣ, t ï ʫʘץʳʪ ʙʦʣʩʳʥ. ʉʦʥʜʘ )( 0tS¡

ʥװʢʪʝʥi0 שt  ʤʦʤʝʥʪiʥʜʝʛi ץʦʟסʘʣʳʩ ʞʳʣʜʘʤʜʳסʳʥ ʢᴇʨʩʝʪʝʜi: )()( 00 tstv ¡= . 

          ʆʩʳ ʩʠʷץʪʳ, )(xfy=  ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳ ʭ ʘʨʛʫʤʝʥʪiʥiש ᴇʟʛʝʨiʩiʥʝ 

   .שʳʥʘ ʪʝסᴇʟʛʝʨʫ ʞʳʣʜʘʤʜʳ שʘʥʜʘ ʫ ʬʫʥʢʮʠʷʩʳʥʳסʘʨʘץ

ʊʝʦʨʝʤʘ.  ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʙʽʨ ʤᴅʥʜʽ װʟʜʽʢʩʽʟ ʢʝʨʽ ( )x yj=  

ʬʫʥʢʮʠʷʩʳ ʙʘʨ ʙʦʣʩʘ ʞᴅʥʝ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳ ʙʘʨ ʙʦʣʳʧ, ʦʣ 

ʥᴇʣʜʝʥ ᴇʟʛʝʰʝ ʙʦʣʩʘ, ʦʥʜʘ ʢʝʨʽ ʬʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳ ʪʫʨʘ ʬʫʥʢʮʠʷʥʳש 

ʪʫʳʥʜʳʩʳʥʳש ʢʝʨʽ ʰʘʤʘʩʳʥʘ ʪʝש, ʷסʥʠ /

/

1
( )

( )
y

f x
j =  

ʂʝʡʜʝ ʘʨʛʫʤʝʥʪ ʭ-ʢʝ ʪᴅʫʝʣʜʽ ʫ ʬʫʥʢʮʠʷʩʳʥ װʰʽʥʰʽ ʙʽʨ ʘʨʘʣʳץ t ʘʡʥʳʤʘʣʳʩʳ 

ʘʨץʳʣʳ ʙʝʨʝʜʽ, ʷסʥʠ  
( )

( )

x t

y t

j

y

= û
ü

= ý
 ,               (1) 

ʄײʥʜʘסʳ t ʘʡʥʳʤʘʣʳʩʳ ( ; )a b ʘʨʘʣʳסʳʥʜʘ ᴇʟʛʝʨʝʜʽ. ʉʦʥʜʘ t ʘʡʥʳʤʘʣʳʩʳʥ 

ʧʘʨʘʤʝʪʨ ʜʝʧ, ʘʣ (1) ʪװʨʽʥʜʝ ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳ ʧʘʨʘʤʝʪʨʣʽʢ ʪװʨʜʝ ʙʝʨʽʣʛʝʥ 

ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʡʜʳ. ɹײʣ ʪװʨʜʝ ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳ ץʦʣʜʘʥʫʜʳש ʢʝʙʽʨ 

ʞʘסʜʘʡʣʘʨʜʘ ʘʨʪʳץʰʳʣʳסʳ ʙʘʨ. ɼʝʥʝ ץʦʟסʘʣʳʩʳʥʳש ʪʨʘʝʢʪʦʨʠʷʩʳʥ 

ʤʝʭʘʥʠʢʘʜʘ, ᴅʜʝʪʪʝ, (1) ʞװʡʝ ʪװʨʽʥʜʝ ʙʝʨʝʜʽ. 
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ʇʘʨʘʤʝʪʨʣʽʢ ʪװʨʜʝ ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳʥ ʤʳʥʘ ʬʦʨʤʫʣʘʤʝʥ 

ʝʩʝʧʪʝʡʜʽ: 

                                                               
/

/

/
.t

t

y
y

x
=                                                (2) 

ɹʝʣʛʽʩʽʟʜʝʨ ʭ ʞᴅʥʝ ʫ-ʪʽ ʙʘʡʣʘʥʳʩʪʳʨʘʪʳʥ  

                                                             ( , ) 0F x y =                                              (3) 

ʪʝשʜʝʫʽ ʙʝʨʽʣʩʽʥ ʞᴅʥʝ ʦʣ ʥʝ ʭ, ʥʝ ʫ ʘʨץʳʣʳ ʰʝʰʽʣʤʝʛʝʥ, ʰʝʰʫʽ ʢװʨʜʝʣʽ ʙʦʣʩʳʥ. 

ɽʛʝʨ ʭ-ʪʽש ᴇʟʛʝʨʫ ʦʙʣʳʩʳʥʜʘ ʦʥʳץ שʘʥʜʘʡ ʜʘ ʙʽʨ ʤᴅʥʽʥʝ ʙʝʣʛʽʩʽʟ ʫ-ʪʽש ʙʽʨ סʘʥʘ 

ʤᴅʥʽ ʩᴅʡʢʝʩ ʢʝʣʽʧ, ʦʣʘʨ (3) ʪʝשʜʝʫʜʽ ץʘʥʘסʘʪʪʘʥʜʳʨʘʪʳʥ ʙʦʣʩʘ, ʦʥʜʘ (3) ʪʝשʜʝʫ 

) ʘʥסʪʘʣʤʘץʘʥʜʘʡ ʜʘ ʙʽʨ ʘʥʳץ )y f x=  ʬʫʥʢʮʠʷʩʳʥ ᴇʨʥʝʢʪʝʡʜʽ ʜʝʧ ʘʪʘʡʜʳ. 

ʉʦʥʳʤʝʥ, (3) ʪʝשʜʽʢʧʝʥ ʙʝʨʽʣʛʝʥ ʢʝʟ ʢʝʣʛʝʥ ʘʥʳץʪʘʣʤʘסʘʥ ( )y f x=  

ʬʫʥʢʮʠʷʩʳ װʰʽʥ ( ; ( )) 0F x f x ¹  ʪʝʧʝ-ʪʝשʜʽʛʽʥ ʭ-ʪʽש ʙʘʨʣʳץ ʤᴅʥʜʝʨʽ 

 ʪʫʳʥʜʳʩʳʥ שʘʥ ʬʫʥʢʮʠʷʥʳסʪʘʣʤʘץʘʪʪʘʥʜʳʨʘʪʳʥ ʙʦʣʘʜʳ. ʆʩʳʥʜʘʡ ʘʥʳסʘʥʘץ

ʙʳʣʘʡ ʪʘʙʫסʘ ʙʦʣʘʜʳ: 
/ / /( ; ) ( ; ) 0x yF x y F x y y+ Ö =. 

ʆʩʳʜʘʥ                     

                                                       
/

/

/

( ; )
.

( ; )

x

y

F x y
y

F x y
=-                                             (4) 

ɽʩʢʝʨʪʫ. (3) ʪʝשʜʝʫʜʝʥ /

xF -ʪʽ ʪʘʧץʘʥʜʘ ʫ-ʪʽ ʪײʨʘץʪʳ ʨʝʪʽʥʜʝ, ʘʣ /

yF -ʪʽ ʪʘʧץʘʥʜʘ 

ʭ-ʪʽ ʪײʨʘץʪʳ ʜʝʧ ץʘʨʘʩʪʳʨʘʜʳ. 

 

ʄʳʩʘʣ 1. 
1

1

-

+
=

x

x
y   ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳʥ ʘʥʳץʪʘʤʘ ʙʦʡʳʥʰʘ ʪʘʙʳשʳʟ 

ʐʝʰʫʽ: ɸʥʳץʪʘʤʘ ʙʦʡʳʥʰʘ y¡=
( ) ()

=
D

-D+

D x

xfxxf

x

00

0
lim

0

lim
Dx

ù
ú

ø
é
ê

è

-

+
-

-D+

+D+

D 1

1

1

11

x

x

xx

xx

x
= 

 

=
0

lim
Dx

( )( )( )( )
( )( ) ù

ú

ø
é
ê

è

--D+

-D++--+D+

D 11

11111

xxx

xxxxxx

x
= 

 

0
lim
Dx

( )( ) ( )( )( ) ( )
( )( ) ù

ú

ø
é
ê

è

--D+

+D--+--D+-+

D 11

1111111

xxx

xxxxxxxx

x
= 

 

0
lim
Dx ( )( )ùú

ø
é
ê

è

--D+

---

D

D

11

11

xxx

xx

x

x
=

0
lim
Dx ( )( )11

2

--D+

-

xxx
=-
( )21

2

-x
 ;    y¡= 

( )21

2

-x
. 

 

ʄʳʩʘʣ 2. 
4

3 2 3

ʭ
ʭʭʫ ++=  ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳʥ ʪʘʙʫ ʢʝʨʝʢ 

ʐʝʰʫʽ : ʌʫʥʢʮʠʷʥʳ ʢʝʣʝʩʽ ʪװʨʛʝ ʢʝʣʪʽʨʝʡʽʢ       43

2

3 -++= ʭʭʭʫ . 

ʆʩʳʜʘʥ: 
53

14
1

3

2
12

3

2

2

1
)4(3

3

2

2

1

ʭʭʭ
ʭʭ

ʭ
ʫ -+=-++=¡ --

-
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ʄʳʩʘʣ 3. ʂװʨʜʝʣʽ ʬʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳʥ ʪʘʙʫ ʢʝʨʝʢ xxy sinln4= . 

   ʐʝʰʫʽ: )(sin xzx= , )(ln zx= , )(4 VUV =  ʜʝʧ ʙʝʣʛʽʣʝʡʽʢ. ʆʥʜʘ =y )))((( xzVU ;                 

¡¡¡
=
¡

xzVx zUUy ** ;          34VUV =
¡ ;  

z
Vz

1
=
¡ ;  xzx cos=

¡ . 

  xctgxx
x

xx
z

Vyx sinln4cos*
sin

1
*sinln4cos*

1
*4 333 ===

¡ .  

 

ʄʳʩʘʣ 4. ʇʘʨʘʤʝʪʨʣʽ ʪװʨʜʝ ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʜʘʥ ʪʫʳʥʜʳ ʘʣʳשʳʟ ¡
xy , ʝʛʝʨ 

2 sin ,x t t= +  ty cos= . 

ʐʝʰʫʽ: ttxt cos2 +=
¡ , tyt sin-=

¡ . ʆʥʜʘ   ¡
xy =

tt

t

x

y

t

t

cos2

sin

+
-=

¡

¡

. 

 

ʄʳʩʘʣ 5. f(x)=5ʭ
2
-ʭ+2 ʬʫʥʢʮʠʷʩʳʥʘ  ʭ0=2 ʥװʢʪʝʩʽʥʜʝ ʞװʨʛʽʟʽʣʛʝʥ ʞʘʥʘʤʘ 

ʪʝשʜʝʫʽʥ ʞʘʟʫ ʢʝʨʝʢ.. 

ʐʝʰʫʽ: ʬʫʥʢʮʠʷסʘ  ʭ0 ʥװʢʪʝʩʽʥʜʝ ʞװʨʛʽʟʽʣʛʝʥ ʞʘʥʘʤʘ ʪʝשʜʝʫʽ ʢʝʣʝʩʽ ʪװʨʜʝ   

ʙʦʣʘʜʳ: ))(()( 000 xxxfxfʫ -¡+=  

ʌʫʥʢʮʠʷʥʳש  ʭ0 ʥװʢʪʝʩʽʥʜʝʛʽ ʤᴅʥʽ,    f(x0)=20-2+2=20.  

f
 /
(x)=10ʭ-1, ʞᴅʥʝ ʪʫʳʥʜʳʥʳש ʤᴅʥʽ f

 /
(x0)=19. ɾʘʥʘʤʘ ʪʝשʜʝʫʽʥʝ ץʦʡʳʧ  

ʫ=20+19(ʭ-2)=19ʭ-18  ʘʣʘʤʳʟ. 

 

ʄʳʩʘʣ 6.  
3

3 4

3 2

x
y

x x

-
=

+ -
 ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳʥ ʪʘʙʫ ʢʝʨʝʢ 

ʐʝʰʽʤʽ:  

 

.
)23(2

)34(3

23

232

33
)43(233

'
33

23

3

3

2
3

-+

--
-=

-+

-+

+
Ö---+Ö

=
xx

xxx

xx

xx

x
xxx

y

  

ʄʳʩʘʣ 7.  ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳʥ ʪʘʙʫ ʢʝʨʝʢ: 

xxy 2)(arcsin=  

ʐʝʰʽʤʽ: ɸʣʜʳʥʤʝʥ ʝ ʥʝʛʽʟʽ ʙʦʡʳʥʰʘ 

ʪʝשʜʝʫʜʽש ʝʢʽ ʞʘסʳʥʘʥ ʣʦʛʘʨʠʬ ʘʣʘʤʳʟ: 

 

      

ʆʜʘʥ ʢʝʽʥ )'(ln' yyy Ö=  ʬʦʨʤʫʣʘʩʳʥ ʧʘʡʜʘʣʘʥʳʧ, 

2

2

ln(arcsin ) 1
' (arcsin )

arcsin 1

x x
y x

x x x

å õ
= Ö +æ öæ ö

Ö -ç ÷

 ʪʘʙʘʤʳʟ. 

2ln ln(arcsin ) 2 ln(arcsin ).xy x x x= = Ö



26 

 

 

ʄʳʩʘʣ 8.  
yxexy -=2

ʘʡץʳʥ ʝʤʝʩ ʪװʨʜʝ ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳʥ ʪʘʧ: 

ʐʝʰʽʤʽ: ( )''2 12 yexyyʫ yx -Ö=+ - .  

   
''2 2 yeexyyʫ yxyx Ö-=+ --

  

 2'2 yeyexyy yxyx -=¡+ --         

 
2' )2( yeexyʫ yxyx -=+ --

, ʦʩʳʜʘʥ 

 
( )
( )yx

xy

xyxy

yxy

exy

ye
y

yx

yx

+

-
=

+

-
=

+

-
=

-

-

2

1

22 2

222
' . 

 

   ʌʫʥʢʮʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʳ  

       ɼʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ )(xfy=  ʬʫʥʢʮʠʷʥʳש ʫDᴇʩiʤʰʝʩiʥ ʤʳʥʘ ʪװʨʜʝ 

ʙʝʨʫʛʝ ʙʦʣʘʜʳ: xxxxfy DD+D¡=D )()( a , ʤײʥʜʘ )(xf¡ - )(xf  ʬʫʥʢʮʠʷʩʳʥʳש 

ʪʫʳʥʜʳʩʳ; ʭDï ʪᴅʫʝʣʩiʟ ʘʡʥʳʤʘʣʳʥʳש ᴇʩiʤʰʝʩi;  )( xDa ïh ʝʢʩiʟ ʘʟ ʰʘʤʘ.  

ɸʥʳϨʪʘʤʘ. )(xfy=  ʬʫʥʢʮʠʷʩʳʥʳש ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʜʝʧ ʬʫʥʢʮʠʷ ᴇʩiʤʰʝʩiʥiש  

ʪʫʳʥʜʳ ʤʝʥ ʪᴅʫʝʣʩiʟ ʘʡʥʳʤʘʣʳ ᴇʩiʤʰʝʩiʥiש ʢᴇʙʝʡʪiʥʜiʩiʥʝ ʪʝש, ʭD -ʢʝ ץʘʨʘסʘʥʜʘ 

ʩʳʟʳץʪʳץ, ʙʘʩ ʙᴇʣiʛi ʘʪʘʣʘʜʳ:  xxfdy D¡= )( . 

          ʊϸʫʝʣʩiʟ ʘʡʥʳʤʘʣʳʥʳϬ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʦʩʳ ʘʡʥʳʤʘʣʳʥʳש ᴇʩiʤʰʝʩiʥʝ ʪʝש: 

xdʭ D= . ʉʦʥʜʳץʪʘʥ ʬʫʥʢʮʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʳʥʳש ʬʦʨʤʫʣʘʩʳʥ ʤʳʥʘ ʪװʨʜʝ  

ʞʘʟʫסʘ ʙʦʣʘʜʳ: dxxfdy )(¡= . 

  ɻʝʦʤʝʪʨʠʷʣʳϨ ʤʘϤʳʥʘʩʳ: ʌʫʥʢʮʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʜʝʛʝʥiʤiʟ -  )(xfy=  

ʬʫʥʢʮʠʷʩʳʥʳש ʭ ʘʨʛʫʤʝʥʪi ʭD  ᴇʩiʤʰʝʩiʥ ʘʣסʘʥʜʘ ʦʩʳ ʥװʢʪʝʜʝ ʞװʨʛiʟiʣʛʝʥ 

ʞʘʥʘʤʘʥʳש ʦʨʜʠʥʘʪʘʩʳʥʳש ᴇʩiʤʰʝʩi.  

 

 

 

 

 

  

 

 

 

 

 

5 ʩʫʨʝʪ - ɼʠʬʬʝʨʝʥʮʠʘʣʜʳש ʛʝʦʤʝʪʨʠʷʣʳץ ʤʘסʳʥʘʩʳ. 

 

ɼʠʬʬʝʨʝʥʮʠʘʣʜʳϬ Ϩʘʩʠʝʪʪʝʨi:  

1. dC=0, ʤײʥʜʘ C- const; 

2. d(u ° v)=du ° dv; 

  

 
  ʄ1 

ʄ 

 

ʂ 

 

  
0    ʭ 

 

 

ʭ 
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3. d(Cu)= Cdu; 

4. d(uv)= vdu + udv; 

5. 
2v

udvvdu

v

u
d

-
=ö
÷

õ
æ
ç

å
; 

duufdy )(¡= , ʤײʥʜʘ )(xu j= , )(ufy= . 

   ɼʠʬʬʝʨʝʥʮʠʘʣʜʳϬ ʞʫʳϨʪʘʧ ʝʩʝʧʪʝʫʜʝ Ϩʦʣʜʘʥʳʣʫʳ: 

ʭD  -ʪiש ᴇʪʝ ʘʟ ʰʘʤʘʩʳʥʜʘ ʬʫʥʢʮʠʷʥʳש ʪʦʣʳץ ᴇʩiʤʰʝʩi ʤʝʥ ʜʠʬʬʝʨʝʥʮʠʘʣʜʳש 

ʘʡʳʨʤʘʰʳʣʳסʳ ᴇʪʝ ʘʟ, ʷסʥʠ:  dyyºD . ʆʩʳ ʞʘסʜʘʡ ʞʫʳץʪʘʧ ʝʩʝʧʪʝʫʣʝʨʛʝ 

ʦʣʜʘʥʳʣʘʜʳ: xxfxfxxfץ D¡+ºD+ )()()( . 

 

ʄʳʩʘʣ 6.  ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʣʘʨʜʳ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫ ʢʝʨʝʢ:   

 

( )

( )
( )

( )

5 2

4 2 5

2 4

2 arccos3 .

1 1
5 2 arccos3 2 6

cos 2 1 9

y tg x x

y tg x x tg x x
x x

= + Ö

-
¡= + Ö Ö + + Ö =

+ -

 

( )

( )

( )4 2 5

2 4

5 2 arccos3 2 6
.

cos 2 1 9

tg x x tg x x

x x

+ Ö + Ö
= -

+ -
 

 

ʄʳʩʘʣ 7.    ʆʭ ᴇʩʽʤʝʥ ץʦʟסʘʣʳʩ ʟʘשʜʘʨʳ  
3

1 4
3

t
x = -ʞᴅʥʝ  

2

2

7
12 3

2

t
x t= - + 

ʙʦʣʘʪʳʥ ʝʢʽ ʤʘʪʝʨʠʘʣʜʳץ  ʥװʢʪʝ ץʦʟסʘʣʳʧ ʢʝʣʝʜʽ. ʋʘץʳʪʪʳץ שʘʡ ʩᴅʪʽʥʜʝ 

ʦʣʘʨʜʳש ʞʳʣʜʘʤʜʳץʪʘʨʳ ʙʽʨʜʝʡ ʙʦʣʘʜʳ? 

ʐʝʰʫʽ: 

ɽʢʽ ʥװʢʪʝʥʽש ʞʳʣʜʘʤʜʳץʪʘʨʳʥ ʪʘʙʘʤʳʟ: 2

1 2, 7 12.x t x t¡ ¡= = - ʐʘʨʪ ʙʦʡʳʥʰʘ  

1 2x x¡ ¡=  ʙʦʣʫʳ ʢʝʨʝʢ. 

   ɼʝʤʝʢ,  2 2

1 27 12, 7 12 0, 3 , 4 .t t t t t c t c= - - + = = = 

 

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  
1. ɸʨʛʫʤʝʥʪ ᴇʩiʤʰʝʩi ʞᴅʥʝ ʬʫʥʢʮʠʷ ᴇʩiʤʰʝʩi ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?  

2. ʌʫʥʢʮʠʷ ʪʫʳʥʜʳʩʳʥʳש ʘʥʳץʪʘʤʘʩʳʥ ʪײʞʳʨʳʤʜʘ. 

3. ʅʝʛiʟʛi ʵʣʝʤʝʥʪʘʨ ʬʫʥʢʮʠʷʣʘʨʜʳש ʪʫʳʥʜʳʣʘʨʳʥʳש ʬʦʨʤʫʣʘʣʘʨʳʥ ʞʘʟ. 

4. ʌʫʥʢʮʠʷʥʳ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫʜʳש ʥʝʛiʟʛi ʝʨʝʞʝʣʝʨiʥ ʞʘʟ.  

5. ʂװʨʜʝʣi ʞᴅʥʝ ʢʝʨi ʬʫʥʢʮʠʷʣʘʨʜʳ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫ ʝʨʝʞʝʩiʥ ʪײʞʳʨʳʤʜʘ.  

6. ʊʫʳʥʜʳʥʳש ʛʝʦʤʝʪʨʠʷʣʳץ, ʬʠʟʠʢʘʣʳץ ʤʘסʳʥʘʩʳ ץʘʥʜʘʡ?   

7. ʌʫʥʢʮʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ ʞᴅʥʝ ʦʥʳש ʛʝʦʤʝʪʨʠʷʣʳץ 

ʤʘסʳʥʘʩʳ ץʘʥʜʘʡ?  

8. ʌʫʥʢʮʠʷ ʜʠʬʬʝʨʝʥʮʠʘʣʳʥʳש ʥʝʛiʟʛi ץʘʩʠʝʪʪʝʨiʥ ʘʪʘ.  

9. ʌʫʥʢʮʠʷʥʳש ʤᴅʥiʥ ʦʥʳש ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʘʨץʳʣʳ ʞʫʳץʪʘʧ ʝʩʝʧʪʝʫʛʝ 

ʙʦʣʘʪʳʥ ʬʦʨʤʫʣʘʥʳ ʞʘʟ.  
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ɾʘʪʪʳϤʫʣʘʨ: 

ʊʘʧʩʳʨʤʘ 1. ʌʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳʥ ʪʘʧ: 

a) 1423 35 -+-= xxʭy  

 

b) 16 3 +Ö= xxʫ  

 

c) ʭʝxʭy )125( 3 +-=  

d) 
32-

=
ʭ

ʭ
y  

e) 
1

14
3

2

+

-
=
ʭ

ʭ
ʫ  

f) x
x

y 4
2
-=  

g) xxʫ ln)53( 2 Ö-=  

h) 
1

1
2+

=
x

y  

a1) 
4

56 24 +-
=

ʭʭ
y  

b1) 
43

3 2

+
=
ʭ

ʭ
y  

c1) 
25

10
2+

=
ʭ

ʭ
y  

d1) xxy ln)21( +=  

e1) 
12 +

=
ʭ

ʭ
y  

f1) 
22

23

x

x
y

-

+
=  

g1) 
x

xy
5

2 -=  

h1) 5)23( -= xy  

a2) 
x

x
y

-
=

2
 

b2) xxy ln)21( +=  

 

c2) xxy 89-=  

d2) 
1

2
3

-
=
ʭ

ʭ
y  

e2) 158 -= xy  

f2) xexy Ö+= )13(  

g2) 
2-= xxey  

h2) 
423 x

x
y

-
=  

 

 

ʊʘʧʩʳʨʤʘ 2. ʌʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳʥ ʪʘʧ: 

a) )25ln( 2+= xy  

b) 14 -= xy  

 

c)  y = sin(2x
7
 ï 3x) 

    

d)  y = (1 ï x
2
 + x)

4
   

  

e) 322 4 -+= xxy  

 

f) y = ln(5x
2
 + 2x + 1)    

g) xxey 42 5-=  

h) 224 ++= xxy  

a1) 342 -= xxy  

b1) xxey 56 8-=  

c1) 335 -+= xxy  

 

d1) )32cos( += xy  

 

e1)  y = (7 ï x
3
 + x) 

3
  

   

f1) xxy 89-=  

g1) 245 xy -=  

h1)
1

1
2+

=
x

y  

a2) xxey 24 5+=  

b2) 
x

xy
3

2 +=  

c2) 
22

23

x

x
y

-

+
=  

d2) 
2

2

34 x

x
y

-
=  

e2) y = sin(1 ï x
2
) 

 

f2) y = ln (3x ï 2x
3
) 

 

g2) y = (4 ï x
3
 ï 2x)

3
 

h2) y = (3 ï 2x)
4 

 

 

ʊʘʧʩʳʨʤʘ 3. ʌʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳʥ x =x0 ʥװʢʪʝʩʽʥʜʝ ʪʘʧ: 

a) 
x

x
y

+

+
=

3

23
,  ʭ=ï2 

b) 342 -= xxy ,  ʭ=1 

c) xxy cos)13( Ö-= ,  0=ʭ  

d) xxy ln)23( += ,  ʭ=1 

e) 
2-= xxey ,     ʭ=2 

f) )1sin( 2-= xxy ,  ʭ=1 

a1) y = 2 +3x
2
ʭ + ʭ,   x = 1 

b1) y = 1 ï2x
5
ʭï8/x ,   x = 1 

c1) 
22

23

x

x
y

-

+
= ,   x = 1 

d1) y = sin(2x
5
 ï 5x),  x = 0 

e1) 
2

2

34 x

x
y

-
= ,   x = 1 

f1)  y = (1 ï x
2
 + x)

4
 ,   x = 0 
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g) xxey 34 5+= ,   x = 0 

h) y = ln(x
2
 + 2x ï 7),     x = 2 

 

g1) 322 4 -+= xxy ,    x = 1 

 

ʊʘʧʩʳʨʤʘ 4. ʌʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳʥ ʪʘʧ: 

1. xxy 2+=        11. ( )12 -+= xxey x

 

2. 
52 5

11

xx
xy -+=

          12. ( )xxey x sincos +=  

3. tgxxy -=         13. 
x

x

xe

xe
y

sin+
=

 

4. xxy 2+=         14. x

arctgx
y

arcsin
=

 

5. 
21

2

x

x
y
-

=
         15. xxy lnsin Ö=  

6. xxy sin22cos -=         16. 

2

2

1
arctgxy=

 

7. 2
arcsin

x
y=

         17. x

x
y

2
=

 

8. ctgxxtgxy +=           18. 22

x
ctg

x
tgy -=

 

9. xy 2sin=                     19. 
3 xxxy ++=  

10. xxxxy cossin 2-=                           20. tgx

xx
y
+

=
1

sin

 

 

ʊʘʧʩʳʨʤʘ 5.    ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʣʘʨʜʳ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫ ʢʝʨʝʢ:   

1.  4 3( 3) arccos5 ;y x x= - Ö                    2.   3 5sin 2 cos8 ;y x x= Ö  

3.   3 4

5

4
3 2 5 ;

( 2)
y x x

x
= + - +

-
            4.   43

3

3
( 3) ;

2 3 1
y x

x x
= - -

- +
 

5.     5 4ln 7 ;y x arctg x= Ö                       6.   54 ln ( 2);xy x-= Ö + 

7.     cos 38 ;xy e ctg x= Ö                           8.   sin 67 ;xy e tg x-= Ö  

9.    cos 32 5 ;xy arctg x= Ö                       10.   5 3cos 3 (4 1) ;y x tg x= Ö + 

11.    
2arccos 4 ln( 3);y x x= Ö -             12.   

3 sin4 3 ;xy arctg x= Ö  

13.    2arcsin 5 ;xy e x-= Ö                      14.   5 2( 4) 3 ;y x arcctg x= - Ö  

15.    cos 57 ;xy e arctg x-= Ö                    16.   2ln( 3) 5 .y x arcctg x= + Ö     
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ʊʘʧʩʳʨʤʘ 6.   ʃʦʛʘʨʠʬʤʜʽʢ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫʜʳ ʧʘʡʜʘʣʘʥʳʧ ʬʫʥʢʮʠʷʣʘʨʜʳש 

ʪʫʳʥʜʳʩʳʥ ʪʘʧ: 

1. y = (x
2
 +1)

2x
                        12. y = x 

e
xcos

 

2. y = (cos x)
x
   13. y = (tg 2x)

cos 2x
 

3. y = x 
sin x 

  14. y = (1-x
2
)
arcsin x

 

4. y = x 
x

2
 

  15. 
x

x
xy ö

÷

õ
æ
ç

å
+=

1  

5. y = x
ʭ   

16. y = (cos 2x)
tg 2x

 

6. y = (sin x)
x
   17. y = (ctg x)

sin
2

x
 

7. y = (ln x)
x
   18. y = x

arcsin x
 

8. y = x 
ʭ

1

   19. y =  (x
2 
+1)

cos x
 

9. y = x
sin(x+1)

   20. 

2

1
1

x

x
y ö

÷

õ
æ
ç

å
+=  

10. y = (cos x)
sin x

 

11. 
x

ʭ

ʭ
y ö

÷

õ
æ
ç

å

+
=

1
 

  

 

ʊʘʧʩʳʨʤʘ 7.   ʇʘʨʘʤʝʪʨʣʽʢ ʪװʨʜʝ ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʣʘʨʜʳש ʪʫʳʥʜʳʩʳʥ ʪʘʧ: 

1. í
ì
ë

=

=

ty

tx

2

2

     6. 
î
í

î
ì

ë

-
=

=

t1

1
y

tx

 

2. í
ì
ë

+=

=

tty

tx

sin

cos

    7. í
ì
ë

=

=

tgtx

t
y

2sin

1

  

3. 
îí

î
ì
ë

=

=

tey

tex

t

t

cos

sin

     8.
í
ì
ë

+=

+=

ty

ttx

cos2

sin
  

4. í
ì
ë

=

=

ty

tx

sinln

cos

    9.í
ì
ë

-
=

+
=

1

cos21

cost

t
x

t

t
y

  

5. í
ì
ë

-=

+=

ty

ttx

cos2

sin

     10. 
í
ì
ë

=

=

ty

tx

cosln

sin
 

11. 
{ ttx

ty

sin

cos2

-=

-=      16. 
í
ì
ë

=

+=

ty

ttx

2sin

sincos
 

12. 
í
ì
ë

=

=

ty

ex t

arcsin
      17. 

í
ì
ë

=

=

arctgty

tx ln
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13. 
í
ì
ë

+=

-=

)cos2(4

)sin(2

ty

ttx
                18. 

í
ì
ë

+=

-=

ttty

tttx

sincos

cossin
 

14. í
ì
ë

=

+
=

2

2

1

1

1t
x

t
y

                19. í
ì
ë

=

=

tx

t
y

2cos

cos

2
2

 

15. 
í
ì
ë

-=

+=

ttty

tttx

cossin

sincos
      20. í

ì
ë

=

=

tx

t
y

sin

cos

1

 

 

ʊʘʧʩʳʨʤʘ 8.   ɸʡץʘʥʜʘʣʤʘסʘʥ ʪװʨʜʝ ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʣʘʨʜʳש ʪʫʳʥʜʳʩʳʥ 

ʪʘʧ: 

1. 1
2

2

2

2

=+
b

y

a

x        10. e
y
 + xy=e 

2. 1
2

2

2

2

=-
b

y

a

x       11. x
2
 + y

2
 ï 2y=0 

3. xy=2    12. sin x ï arctg y= 0 

4. 
3 2x + 

3 2y = 3 2a       13. e
x
 ïx ïy

3
 =0 

5. x + xy+ y =ʘ           14. x + ln x + ʫ23+ =0 

6. x
2
 ï 2xy+y

3
=1           15. ctg x +ln 14 +ʫ =0 

7. x+ y =4            16. 2x ï sin 2x- y
2
=0 

8. x2 - 
3 ʫ=1           17. tg x - 54 +ʫ +2=0 

9. x
2
+3xy+y

2
+1=0         18. x lnx ï e

y
+1 = 0 

                                         19. arctg x - ln 32 +ʫ =0 

 

 ʊʘʧʩʳʨʤʘ 9.   Dx ʘʨʛʫʤʝʥʪʽʥʽש ᴇʩʽʤʰʝʩʽʥʝ ʩᴅʡʢʝʩ y=ä(ʭ) 

ʬʫʥʢʮʠʷʩʳʥʳש ʭ=ʭ0 ʥװʢʪʝʩʽʥʜʝ ʜʠʬʬʝʨʝʥʮʠʘʣʳʥ ʪʘʧ.  

  

1.  
1

5

+
=
ʭ

ʭ
ʫ , x0 = 0, 4,0=Dʭ  

2.
84 -= xeʫ , x0 = 2, Dx = 0.5 

 

ʊʘʧʩʳʨʤʘ 9.   ɼʠʬʬʝʨʝʥʮʠʘʣʜʳש ʞʫʳץʪʘʧ ʝʩʝʧʪʝʫʽʥ ץʦʣʜʘʥʳʧ 

y=ä(ʭ)  ʬʫʥʢʮʠʷʩʳʥʳש  ʭ = ʭ0  ʥװʢʪʝʩʽʥʜʝ ʤᴅʥʽʥ ʪʘʧ: 

 

1. y = 3
22 7ʭ- , x0 = 1.95 

2. y =
43 39ʭ-  , x0 = ï2.1 
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3. y = 2Ŀexp (5 x
 2
 ï 20), 

4. y = exp (4 ï 4 x
 2
), 

5. y =  3 x + sin (4 x
 3
 ï 4), 

6. y = ï x + sin (3 x
 2
 ï 12), 

7. y = ï 4x + ln (9 ï 2 x
 2
), 

8. y =  3x + ln (5 ï x
 4
), 

x0 = 1.98 

x0 = ï0.9 

x0 = 1.1 

x0 = ï2.1 

x0 = ï1.8 

x0 = 0.8 

 

 

 

 

ʊʘʧʩʳʨʤʘ 10.    

1. ɼʝʥʝ - ʢʫʙʪʳץ ʧʘʨʘʙʦʣ:  312y x=  ʪʨʘʝʢʪʦʨʠʷʩʳ ʙʦʡʳʤʝʥ ץʦʟסʘʣʘʜʳ. ʆʥʳש 

 ʘʙʩʮʠʩʩʘʣʘʨʳ ʤʝʥ ʦʨʜʠʥʘʪʘʣʘʨʳ שʳʥʳסʢʪʝʣʝʨʽʥʜʝ ᴇʩʫ ʞʳʣʜʘʤʜʳװʘʥʜʘʡ ʥץ

ʙʽʨʜʝʡ? 

2. ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝʥʽץ שʦʟסʘʣʳʩ ʟʘשʳ:  
23

3 7
4

t
s t= - +.  ʋʘץʳʪʪʳץ שʘʥʜʘʡ 

ʢʝʟʝשʽʥʜʝ ʦʥʳץ שʦʟסʘʣʳʩ ʞʳʣʜʘʤʜʳסʳ 2 ʤ/ʩ ʪʝש ʙʦʣʘʜʳ? 

3. ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 4 23 2 4s t t t= - + - ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ. ʅװʢʪʝ 

=2t  שʘʣʳʩʳʥʳסʦʟץ  ʩ  ʩᴅʪʽʥʜʝʛʽ ʞʳʣʜʘʤʜʳסʳʥ ʪʘʙʫ ʢʝʨʝʢ. 

4. ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 4 3 23 4 6s t t t= - + + ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ. ʅװʢʪʝ 

=2t  שʘʣʳʩʳʥʳסʦʟץ  ʩ  ʩᴅʪʽʥʜʝʛʽ ʞʳʣʜʘʤʜʳסʳʥ ʪʘʙʫ ʢʝʨʝʢ. 

5. ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 4sin 8
3 6

t
s

på õ
= + -æ ö

ç ÷
 ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ. ʅװʢʪʝ 

  שʘʣʳʩʳʥʳסʦʟץ
2

t
p
=  ʩ  ʩᴅʪʽʥʜʝʛʽ ʞʳʣʜʘʤʜʳסʳʥ ʪʘʙʫ ʢʝʨʝʢ. 

6. ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 3cos 10
4 12

t
s

på õ
=- + +æ ö

ç ÷
 ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ. ʅװʢʪʝ 

  שʘʣʳʩʳʥʳסʦʟץ
3

t
p
=  ʩ  ʩᴅʪʽʥʜʝʛʽ ʞʳʣʜʘʤʜʳסʳʥ ʪʘʙʫ ʢʝʨʝʢ. 

7. ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 3 25 1
7

3 2
s t t= - + ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ.  ʋʘץʳʪʪʳץ שʘʥʜʘʡ 

ʩᴅʪʽʥʜʝ ʦʥʳש ʞʳʣʜʘʤʜʳסʳ 42 ʤ/ʩ ʪʝש ʙʦʣʘʜʳ? 

8. ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 34 2 11s t t= - + ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ.  ʋʘץʳʪʪʳץ שʘʥʜʘʡ 

ʩᴅʪʽʥʜʝ ʦʥʳש ʞʳʣʜʘʤʜʳסʳ 190 ʤ/ʩ ʪʝש ʙʦʣʘʜʳ? 

9. ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 35
2 7

3
s t t= - + ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ. ʅװʢʪʝ ץʦʟסʘʣʳʩʳʥʳש  

4t=  ʩ  ʩᴅʪʽʥʜʝʛʽ ʞʳʣʜʘʤʜʳסʳʥ ʪʘʙʫ ʢʝʨʝʢ. 

10.   ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 5 32 6 58s t t= - - ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ. ʅװʢʪʝ 

=2t  שʘʣʳʩʳʥʳסʦʟץ  ʩ  ʩᴅʪʽʥʜʝʛʽ ʞʳʣʜʘʤʜʳסʳʥ ʪʘʙʫ ʢʝʨʝʢ. 

11. ʆʭ ᴇʩʽʤʝʥ ץʦʟסʘʣʳʩ ʟʘשʜʘʨʳ  34
7 16

3
x t t= - +ʞᴅʥʝ  3 22 5 8x t t t= + + - ʙʦʣʘʪʳʥ 

ʝʢʽ ʤʘʪʝʨʠʘʣʜʳץ  ʥװʢʪʝ ץʦʟסʘʣʳʧ ʢʝʣʝʜʽ. ʋʘץʳʪʪʳץ שʘʡ ʩᴅʪʽʥʜʝ ʦʣʘʨʜʳש 

ʞʳʣʜʘʤʜʳץʪʘʨʳ ʙʽʨʜʝʡ ʙʦʣʘʜʳ? 
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12.  ʆʭ ᴇʩʽʤʝʥ ץʦʟסʘʣʳʩ ʟʘשʜʘʨʳ  3 22 2 6 7x t t t= - + -ʞᴅʥʝ  3 25
14 4

3
x t t t= - + + 

ʙʦʣʘʪʳʥ ʝʢʽ ʤʘʪʝʨʠʘʣʜʳץ  ʥװʢʪʝ ץʦʟסʘʣʳʧ ʢʝʣʝʜʽ. ʋʘץʳʪʪʳץ שʘʡ ʩᴅʪʽʥʜʝ 

ʦʣʘʨʜʳש ʞʳʣʜʘʤʜʳץʪʘʨʳ ʙʽʨʜʝʡ ʙʦʣʘʜʳ? 

13.  ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 3 21
2 11 275

3
s t t t= - - + ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ.  ʋʘץʳʪʪʳש 

 ?ʙʦʣʘʜʳ שʳ 10 ʤ/ʩ ʪʝסʘʣʫ ʞʳʣʜʘʤʜʳסʦʟץ שʘʥʜʘʡ ʩᴅʪʽʥʜʝ ʦʥʳץ

14.  ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 3 21 1
30 18

3 2
s t t t= - - + ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ.  ʋʘץʳʪʪʳש 

 ?ʙʦʣʘʜʳ שʳ 0-ʛʝ ʪʝסʞʳʣʜʘʤʜʳ שʘʥʜʘʡ ʩᴅʪʽʥʜʝ ʦʥʳץ

15.  ʄʘʪʝʨʠʘʣʜʳץ ʥװʢʪʝ 33s t t= + ʟʘשʳʤʝʥ ץʦʟסʘʣʘʜʳ. ʅװʢʪʝ ץʦʟסʘʣʳʩʳʥʳש  

2t=  ʩ  ʩᴅʪʽʥʜʝʛʽ ʞʳʣʜʘʤʜʳסʳʥ ʪʘʙʫ ʢʝʨʝʢ. 

4 ʪʘץʳʨʳʧ  ɾʦסʘʨסʳ ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨ ʤʝʥ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʨ. ʊʫʳʥʜʳ 

ʘʨץʳʣʳ ʘʥʳץʪʘʣʤʘסʘʥʜʳץʪʘʨʜʳ ʘʰʫ. ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽ  

 

ʄʘϨʩʘʪ:   

ɾʦסʘʨסʳ ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨ ʤʝʥ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʨʜʳ  ʪʘʙʫ ʞʦʣʜʘʨʳʥ װʡʨʝʥʫ. 

ɼʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʬʫʥʢʮʠʷʣʘʨ ʪʫʨʘʣʳ ʥʝʛʽʟʛʽ ʪʝʦʨʝʤʘʣʘʨʜʳ ʞᴅʥʝ 

ʦʣʘʨʜʳש ʤʘסʳʥʘʣʘʨʳʥ ʝשʛʽʟʫ. 

   

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ::  

1. ɾʦסʘʨסʳ ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨʜʳש ʘʥʳץʪʘʤʘʩʳ. nïh ʽ ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨʜʳ 

ʝʩʝʧʪʝʫʜʽש ʥʝʛʽʟʛʽ ʝʨʝʞʝʣʝʨʽ . 

2.  ʂʝʡʙʽʨ ʬʫʥʢʮʠʷʣʘʨʜʳש n ï ʰʽ  ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨʳ װʰʽʥ ʬʦʨʤʫʣʘʣʘʨ.              

ɾʦסʘʨסʳ ʨʝʪʪʽ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʨ. 

3. ʈʦʣʴ, ʃʘʛʨʘʥʞ ʞᴅʥʝ ʂʦʰʠ ʪʝʦʨʝʤʘʣʘʨʳ. 

4.  ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽ.ʊʝʡʣʦʨ ʬʦʨʤʫʣʘʩʳ.  

 

 

ɾʦסʘʨסʳ ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨʜʳש ʘʥʳץʪʘʤʘʩʳ 

ɽʛʝʨ y=f(x) ʬʫʥʢʮʠʷʩʳʥʳϬ   fô(x) ʪʫʳʥʜʳʩʳ  ʭ0 ʥװʢʪʝʩʽʥʽץ שʘʥʜʘʡ ʜʘ ʙʽʨ 

ʤʘשʘʡʳʥʜʘ ʘʥʳץʪʘʣʩʘ ʞᴅʥʝ ʦʩʳ ʥװʢʪʝʜʝ ʪʫʳʥʜʳʩʳ ʙʘʨ ʙʦʣʩʘ, ʦʥʜʘ fô(x) 

ʬʫʥʢʮʠʷʩʳʥʳש ʭ0 ʥװʢʪʝʩʽʥʜʝʛʽ  ʪʫʳʥʜʳʩʳ  y=f(x) ʬʫʥʢʮʠʷʩʳʥʳϬ ʝʢʽʥʰʽ 

ʪʫʳʥʜʳʩʳ (ʥʝʤʝʩʝ ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳ) ʜʝʧ ʘʪʘʣʳʧ, ʢʝʣʝʩʽ ʙʝʣʛʽʣʝʨʽʤʝʥ 

ʙʝʣʛʽʣʝʥʝʜʽ:    fò(ʭ0), f
(2)

 (ʭ0), yò(ʭ0), y
(2)

 (ʭ0).  

 ʪʘʣʘʜʳ ʞᴅʥʝ ʪ.ʩ.ʩ. ɽʛʝʨץʪʳ ʘʥʳץʰʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳ ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳ ʩʠʷת

(n-1)-ʰ  ̔ʪʫʳʥʜʳʩʳʥʳסײ שʳʤʳ ʝʥʛʽʟʽʣʩʝ ʞᴅʥʝ ʝʛʝʨ ʜʝ (n-1)-ʰʽ ʪʫʳʥʜʳʩʳʥʳש  ʭ0  

ʥװʢʪʝʩʽʥʜʝ ʪʫʳʥʜʳʩʳ ʙʘʨ ʙʦʣʩʘ, ʦʥʜʘ ʢᴇʨʩʝʪʽʣʛʝʥ ʪʫʳʥʜʳ y=f(x) ʬʫʥʢʮʠʷʩʳʥʳϬ 

ʭ0 ʥװʢʪʝʩʽʥʜʝʛʽ  n-ʰʽ ʪʫʳʥʜʳʩʳ (ʥʝʤʝʩʝ n-ʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳ) ʜʝʧ ʘʪʘʣʘʜʳ 

ʞᴅʥʝ  f
(n)
(ʭ0) ʙʝʣʛʽʣʝʥʝʜʽ. 

ʉʦʥʳʤʝʥ, ʠʥʜʫʢʮʠʷ ᴅʜʽʩʽ ʙʦʡʳʥʰʘ ʞʦסʘʨסʳ ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨ ʢʝʣʝʩʽ ʬʦʨʤʫʣʘ 

ʙʦʡʳʥʰʘ ʘʥʳץʪʘʣʘʜʳ       f
(n)
(ʭ)=[ y

(n-1)
(x)]ô. 

ʭ0  ʥװʢʪʝʩʽʥʜʝʛʽ n-ʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳ ʙʘʨ ʬʫʥʢʮʠʷcʳ, ʦʩʳ ʥװʢʪʝʜʝ n ʨʝʪ  

ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ  ʜʝʧ ʘʪʘʣʘʜʳ.  

n ïh ʽ ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨʜʳ ʝʩʝʧʪʝʫʜʽש  ʥʝʛʽʟʛʽ ʝʨʝʞʝʣʝʨʽ 
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1. (u°v)
(n)

= u
(n)

 °v
(n)

. 

2. ʃʝʡʙʥʠʮ ʬʦʨʤʫʣʘʩʳ: 

(uv)
 (n)

=ä
=

-
n

i

inii

n vuC
0

)()( , ʤϰʥʜʘϤʳ  u
(0)

=u, v
(0)

=v, Cn
i
=

)!(!

!

ini

n

-
, 0!=1. 

 

 ʂʝʡʙʽʨ ʬʫʥʢʮʠʷʣʘʨʜʳש n ï ʰʽ  ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨʳ װʰʽʥ ʬʦʨʤʫʣʘʣʘʨ: 

1. (x
Ŭ
)
 (n)

=Ŭ(Ŭ-1)é( Ŭ-n+1) x
Ŭ-n

(x>0, Ŭ- ʢʝʟ ʢʝʣʛʝʥ ʩʘʥ). 

2. (a
x
)
 (n)

= a
x 
(ln a)

 n
 (0<aÍ1); ʜʝʨʙʝʩ ʞʘסʜʘʡʜʘ, (e

x
)
 (n)

= e
x
. 

3. (sin x)
 (n)

=sin( x+n
2

p
). 

4. (cosx)
 (n)

=cos( x+n
2

p
). 

ɾʦסʘʨסʳ ʨʝʪʪʽ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʨ  
ɸʡʪʘʣʳץ  ʭ -ʪᴅʫʝʣʩʽʟ ʘʡʥʳʤʘʣʳ ʞᴅʥʝ  y=f(x)  ʬʫʥʢʮʠʷʩʳ  ʭ0  ʥװʢʪʝʩʽʥʽץ שʘʥʜʘʡ 

ʜʘ ʙʽʨ ʤʘשʘʡʳʥʜʘ  ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʩʳʥ.  dy = fô(x)dx  ʙʽʨʽʥʰʽ ʜʠʬʬʝʨʝʥʮʠʘʣʳ 

ʝʢʽ ʘʡʥʳʤʘʣʳʩʳ ʙʘʨ  ʬʫʥʢʮʠʷ ʙʦʣʳʧ ʪʘʙʳʣʘʜʳ: ʭ ʞᴅʥʝ dx -ʢʝ ʪᴅʫʝʣʜʽ y=f(x) 

ʬʫʥʢʮʠʷʩʳʥʳש ʭ0  ʥװʢʪʝʩʽʥʜʝʛʽ   d
2
y ʝʢʽʥʰʽ  ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʢʝʣʝʩʽ ʰʘʨʪʪʘʨ 

ʦʨʳʥʜʘʣסʘʥ ʢʝʟʽʥʜʝ ʙʘʨ ʙʦʣʘʜʳ: 1
0
) dy - ʭ ʘʡʥʳʤʘʣʳʩʳʥʘ ʪᴅʫʝʣʩʽʟ ʬʫʥʢʮʠʷ 

ʙʦʣסʘʥ ʞʘסʜʘʡʜʘ סʘʥʘ ץʘʨʘʩʪʳʨʳʣʘʜʳ (ʙʘʩץʘʰʘ ʘʡʪץʘʥʜʘ,  fô(x)dx 

ʜʠʬʬʝʨʝʥʮʠʘʣʳʥ ʝʩʝʧʪʝʛʝʥ ʢʝʟʽʥʜʝ dxïʪʽ  ʪײʨʘץʪʳ ʨʝʪʽʥʜʝ ץʘʨʘʩʪʳʨʘʤʳʟ); 2
0
) 

fô(x)-ʪʘʥ  ʜʠʬʬʝʨʝʥʮʠʘʣʳʥ ʝʩʝʧʪʝʛʝʥ ʢʝʟʽʥʜʝ ʭ ʪᴅʫʝʣʩʽʟ ʘʡʥʳʤʘʣʳʩʳʥʳש 

ᴇʩʽʤʰʝʩʽʥ ʘʡʥʳʤʘʣʳʩʳʥʳש  ʘʣסʘʰץʳ ᴇʩʽʤʰʝʩʽʥʝ ʪʝש ʙʦʣʘʜʳ, ʷסʥʠ dy  = fô(x)dx 

ᴇʨʥʝʛʽʥʝ ʪײʨʘץʪʳ ʙʦʣʳʧ ʢʽʨʝʪʽʥ dx ʤᴅʥʽʥʝ ʪʝש ʙʦʣʘʜʳ.  

ʆʩʳ ʘʥʳץʪʘʤʘʥʳ ʧʘʡʜʘʣʘʥʳʧ, ʢʝʣʝʩʽʥʽ ʘʣʘʤʳʟ 

d
2
y { } ,))((")]'('[)]('[)]( 2

0
000

0
dxxfdxdxxfdxxfddʫd

xxxxxx
ʭʭ ===

===
=

 ʥʝʤʝʩʝ  

(dx
2   
ʪװʨʽʥʜʝ (dx)

2 
 ʞʘʟʘʤʳʟ)    .)(" 2

0

2

0

dxxfyd
xx
=

=
 

y=f(x) ʬʫʥʢʮʠʷʩʳʥʳש n ï ʰʽ ʨʝʪʪʽ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʠʥʜʫʢʪʠʚʪʽ ʪװʨʜʝ ʤʳʥʘ 

ʬʦʨʤʫʣʘ ʙʦʡʳʥʰʘ ʘʥʳץʪʘʣʘʜʳ    1 ( )( ) ( )n n n nd y d d y f x dx-= =  

ɼʠʬʬʝʨʝʥʮʠʘʣʜʳש ʝʢʽʥʰʽ ʨʝʪʽ ʩʠʷץʪʳ ʦʩʳʥʜʘʡ ʝʢʽ ʰʘʨʪʳʥ ʧʘʡʜʘʣʘʥʘʤʳʟ. 

ʂʝʣʝʩʽ ʬʦʨʤʫʣʘ ʦʨʳʥʜʘʣʘʜʳ 
nn

xx

n dxxfyd )( 0

)(

0
==

,        (dx
n
=(dx)

n
),   

 

 

ɽʛʝʨ ʜʝ  ʭ ʪᴅʫʝʣʩʽʟ ʘʡʥʳʤʘʣʳʩʳ ʝʤʝʩ, ʘʣ  t ʘʡʥʳʤʘʣʳʩʳʥʳץ שʘʥʜʘʡ ʜʘ ʙʽʨ 

ʬʫʥʢʮʠʷʩʳ ʙʦʣʳʧ ʪʘʙʳʣʩʘ, ʦʥʜʘ (2.1) ʞᴅʥʝ (2.2) ʬʦʨʤʫʣʘʣʘʨʳ ʞʘʣסʘʥ ʙʦʣʘʜʳ 

(ʞʦסʘʨסʳ ʨʝʪʪʽ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʨʜʳש ʬʦʨʤʘʩʳʥʳש ʠʥʚʘʨʠʘʥʪʪʽʣʽʛʽ 

ʦʨʳʥʜʘʣʤʘʡʜʳ). ɼʝʨʙʝʩ ʞʘסʜʘʡʜʘ,  n=2 ʙʦʣʩʘ, ʦʥʜʘ d
2
y= fò(x)dx

2
+fô(x)d

2
x 

ʌʝʨʤʘ ʪʝʦʨʝʤʘʩʳ. ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳ [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ 

ʘʥʳץʪʘʣסʘʥ, ᴅʨʙʽʨ ʽʰʢʽ ʥװʢʪʝʩʽʥʜʝ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʞᴅʥʝ ʦʥʳץ שʘʡʩʳ ʙʽʨ 

ʭ=ʩ ʥװʢʪʝʩʽʥʜʝ ᴇʟʽʥʽש ʝװ שʣʢʝʥ ʥʝʤʝʩʝ ʝש ʢʽʰʽ ʤᴅʥʽʥ ץʘʙʳʣʜʘʡʪʳʥ ʙʦʣʩʘ, ʦʥʜʘ 

ʬʫʥʢʮʠʷʥʳש ʦʩʳ ʥװʢʪʝʜʝʛʽ ʪʫʳʥʜʳʩʳ ʥᴇʣʛʝ ʪʝש, ʷסʥʠ / ( ) 0.f c =   

.)( 0

)(

n

n
n

dx

yd
xf =
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ɹϰʣ ʪʝʦʨʝʤʘʥʳϬ ʛʝʦʤʝʪʨʠʷʣʳϨ ʤϸʥʽ ʤʳʥʘʜʘʡ: ʌʫʥʢʮʠʷʥʳש ʝװ שʣʢʝʥ ʥʝ ʝש 

ʢʽʰʽ ʤᴅʥ ץʘʙʳʣʜʘʡʪʳʥ ʥװʢʪʝʣʝʨʽʥʜʝ ץʠʩʳץץʘ ʞװʨʛʽʟʽʣʛʝʥ ʞʘʥʘʤʘʣʘʨ ʆʍ ᴇʩʽʥʝ 

ʧʘʨʘʣʣʝʣʴ ʙʦʣʘʜʳ. 

ʈʦʣʣʴ ʪʝʦʨʝʤʘʩʳ. (ʙײʣ ʪʝʦʨʝʤʘ ʌʝʨʤʘ ʪʝʦʨʝʤʘʩʳʥʳש ʩʘʣʜʘʨʳ). ɽʛʝʨ 

( )y f x=  ʬʫʥʢʮʠʷʩʳ [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ װʟʜʽʢʩʽʟ, ʦʥʳש ʙʘʨʣʳץ ʽʰʢʽ ʥװʢʪʝʣʝʨʽʥʜʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʞᴅʥʝ ʢʝʩʽʥʜʽʥʽש ʰʝʪʢʽ ʥװʢʪʝʣʝʨʽʥʜʝ ʥᴇʣʛʝ ʘʡʥʘʣʘʪʳʥ, 

ʷסʥʠ ( ) ( ) 0f a f b= = ʙʦʣʩʘ, ʦʥʜʘ ʦʩʳ [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ ʝש ʙʦʣʤʘסʘʥʜʘ ʙʽʨ ʭ=ʩ 

ʥװʢʪʝʩʽ ʪʘʙʳʣʳʧ, ʦʩʳ ʥװʢʪʝʜʝ ʬʫʥʢʮʠʷ ʪʫʳʥʜʳʩʳ ʥᴇʣʛʝ ʪʝש ʙʦʣʘʜʳ, ʷסʥʠ 
/ ( ) 0.f c =  

ɹϰʣ ʪʝʦʨʝʤʘʥʳϬ ʛʝʦʤʝʪʨʠʷʣʳϨ ʤϸʥʽ ʤʳʥʘʜʘʡ: ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳ [ ];a b  

ʢʝʩʽʥʜʽʩʽʥʜʝ װʟʜʽʢʩʽʟ, ʦʥʳש ʙʘʨʣʳץ ʽʰʢʽ ʥװʢʪʝʣʝʨʽʥʜʝ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ, 

ʦסʘʥ ץʦʩʘ ʆʍ ᴇʩʽʥ ʭ=a ʞᴅʥʝ x=b ʥװʢʪʝʣʝʨʽʥʜʝ ץʠʳʧ ᴇʪʝʪʽʥ ʙʦʣʩʘ, ʦʥʜʘ ʦʩʳ ʝʢʽ 

ʥװʢʪʝʥʽש ʘʨʘʣʳסʳʥʜʘ ʝש ʙʦʣʤʘסʘʥʜʘ ʙʽʨ ʭ=ʩ ʥװʢʪʝʩʽ ʪʘʙʳʣʳʧ, ʦʣ ʥװʢʪʝʜʝ 

ʞʘʥʘʤʘ ʆʍ ᴇʩʽʥʝ ʧʘʨʘʣʣʝʣʴ ʙʦʣʘʜʳ. 

ʃʘʛʨʘʥʞ ʪʝʦʨʝʤʘʩʳ. (ʤᴇʣʰʝʨʣʽ ᴇʩʽʤʰʝʣʝʨ ʪʫʨʘʣʳ ʪʝʦʨʝʤʘ )  ɽʛʝʨ 

( )y f x=  ʬʫʥʢʮʠʷʩʳ [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ װʟʜʽʢʩʽʟ, ʦʥʳש ʙʘʨʣʳץ ʽʰʢʽ ʥװʢʪʝʣʝʨʽʥʜʝ 

ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʙʦʣʩʘ, ʦʥʜʘ [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ ʝש ʙʦʣʤʘסʘʥʜʘ ʙʽʨ ʭ=ʩ 

ʥװʢʪʝʩʽ ʪʘʙʳʣʳʧ, ʩʦʣ ʥװʢʪʝʜʝ ʤʳʥʘ  /( ) ( )
( )

f b f a
f c

b a

-
=

-
 ʪʝשʜʽʢ ʦʨʳʥʜʘʣʘʜʳ. 

ɹϰʣ ʪʝʦʨʝʤʘʥʳϬ ʛʝʦʤʝʪʨʠʷʣʳϨ ʤϸʥʽ ʤʳʥʘʜʘʡ: ʬʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʜʝ ʝש 

ʙʦʣʤʘסʘʥʜʘ ʙʽʨ ʥװʢʪʝ ʪʘʙʳʣʳʧ, ʦʥʜʘ ʞװʨʛʽʟʽʣʛʝʥ ʞʘʥʘʤʘ ʜʦסʘʥʳש ʰʝʪʢʽ 

ʥװʢʪʝʣʝʨʽʥ ץʦʩʘʪʳʥ ʭʦʨʜʘסʘ ʧʘʨʘʣʣʝʣʴ ʙʦʣʘʜʳ. 

ʂʦʰʠ ʪʝʦʨʝʤʘʩʳ.  ɽʛʝʨ f(x) ʞᴅʥʝ ( )xj  ʬʫʥʢʮʠʷʣʘʨʳ [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ 

 ʢʪʝʣʝʨʽʥʜʝ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʙʦʣʩʘ ʞᴅʥʝװʽʰʢʽ ʥ ץʙʘʨʣʳ שʟʜʽʢʩʽʟ, ʦʥʳװ

( )xj  ʬʫʥʢʮʠʷʩʳʥʳש ʙײʣ ʥװʢʪʝʣʝʨʜʝʛʽ ʤᴅʥʜʝʨʽ ʥᴇʣʜʝʥ ʘʡʨʳץʰʘ ʙʦʣʩʘ, ʦʥʜʘ 

ʦʩʳ ʢʝʩʽʥʜʽ ʽʰʽʥʝʥ ץʘʡʩʳ ʙʽʨ ʭ=ʩ ʥװʢʪʝʩʽ ʪʘʙʳʣʳʧ, 
/

/

( ) ( ) ( )

( ) ( ) ( )

f b f a f c

b a cj j j

-
=

-
 ʪʝשʜʽʛʽ 

ʦʨʳʥʜʘʣʘʪʳʥ ʙʦʣʘʜʳ. 

ɹϰʣ ʪʝʦʨʝʤʘʥʳϬ ʛʝʦʤʝʪʨʠʷʣʳϨ ʤϸʥʽ ʤʳʥʘʜʘʡ: ɹײʣ ʬʦʨʤʫʣʘ ʭʦʨʜʘʥʳש 

ʙײʨʳʰʪʳץ ʢʦʵʬʬʠʮʠʝʥʪʽ ʤʝʥ ʽʰʢʽ ʥװʢʪʝʜʝ ʞװʨʛʽʟʽʣʛʝʥ ʞʘʥʘʤʘʥʳש ʙײʨʳʰʪʳץ 

ʢʦʵʬʬʠʮʠʝʥʪʪʝʨʽʥʽש ʪʝש ʝʢʝʥʜʽʛʽʥ ʢᴇʨʩʝʪʝʜʽ, ʷסʥʠ ʭʦʨʜʘ ʤʝʥ ʞʘʥʘʤʘʥʳש 

ʧʘʨʘʣʣʝʣʴʜʽʛʽʥ ʢᴇʨʩʝʪʝʜʽ. 

ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽ.  ʐʝʢʪʝʨ ʪʝʦʨʠʷʩʳʥʜʘ ʘʥʳץʪʘʣʤʘסʘʥʜʳץʪʘʨʜʳ ʘʰʫ 

ʪʫʨʘʣʳ ʘʡʪץʘʥʙʳʟ.  ɽʥʜʽ ʦʣʘʨʜʳ ʘʡץʳʥʜʘʫʜʳש ʞʘשʘ, ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽ ʜʝʧ 

ʘʪʘʣʘʪʳʥ, ʝʨʝʞʝʩʽʥ ץʘʨʘʩʪʳʨʘʤʳʟ. 

ʊʝʦʨʝʤʘ.  f(x) ʞᴅʥʝ ( )xj  ʬʫʥʢʮʠʷʣʘʨʳ ץʘʡʩʳ ʙʽʨ (a;b) ʠʥʪʝʨʚʘʣʳʥʜʘ 

ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʞᴅʥʝ / ( ) 0xj ¸  ʙʦʣʘʪʳʥ ʬʫʥʢʮʠʷʣʘʨ ʜʝʧ ײʡסʘʨʘʡʳץ, 

ʩʦʥʳʤʝʥ ʙʽʨʛʝ, ʭ=ʩ ʥװʢʪʝʩʽʥʜʝ ʥᴇʣʛʝ ʘʡʥʘʣʘʪʳʥ ʙʦʣʩʳʥ. ʉʦʥʜʘ, ʝʛʝʨ ʪʠʽʩʪʽ 

ʰʝʢʪʝʨ ʙʘʨ ʙʦʣʩʘ:   

 

                           
/

/

( ) ( )

( ) ( )x c x c

f x f x
Lim Lim

x xj j 
=                                     (1) 
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ʦʥʜʘ (1) ʬʦʨʤʫʣʘ ʙʦʡʳʥʰʘ ʪʘʙʳʣסʘʥ ʰʝʢʪʝʨʜʽ ʘʥʳץʪʘʣʤʘסʘʥʜʳץʪʳ 

ʘʡץʳʥʜʘʫʜʳש ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽ ʜʝʧ ʘʪʘʡʜʳ. 

 

ɽʛʝʨ ( ) 0, ( ) 0
x x
Lim f x Lim xj
¤ ¤

= = ʙʦʣʩʘ, ʦʥʜʘ ʪʠʽʩʪʽ ʰʝʢʪʝʨ ʙʘʨ ʙʦʣסʘʥʜʘ: 

       

       
/

/

( ) ( )

( ) ( )x x

f x f x
Lim Lim

x xj j¤ ¤
= . 

 

  

 

ʄʳʩʘʣ 1.  ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽʥ ʧʘʡʜʘʣʘʥʳʧ, ʙʝʨʽʣʛʝʥ ʰʝʢʪʽ ʪʘʙʫ ʢʝʨʝʢ:  

 

( )
2

3

2

2 2 2 2 22

2

1 sin 0 cos cos 2 cos 1 cos
lim lim lim lim cos 2 lim

22 0 4 2 4 2sin cos
2 2

cos 2

1 1 1 1 1
1 lim 1 .

4 2sin 4 2 8

x x x x x

x

x x x x x
x

tg x tg x x x
tg x

x

x

p p p p p

p

    



- - - Ö
= = = = - Ö =

Ö

= Ö Ö = Ö Ö =

 

ʄʳʩʘʣ 2.  ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽʥ ʧʘʡʜʘʣʘʥʳʧ, ʙʝʨʽʣʛʝʥ ʰʝʢʪʽ ʪʘʙʫ ʢʝʨʝʢ:  

2

2

2
lim

-

-

 x

eex

x

 

  ʐʝʰʽʤʽ: ʙײʣ ʝʩʝʧʪʝʛʽ ʘʥʳץʪʘʣʤʘסʘʥʜʳץ 
¤

¤
 ʙʽʣʜʽʨʝʜʽ 

0

0
 ʙʽʣʜʽʨʝʜʽ:                    
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2
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)'(
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limlimlim e

e
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-
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ʄʳʩʘʣ 3.  ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽʥ ʧʘʡʜʘʣʘʥʳʧ, ʙʝʨʽʣʛʝʥ ʰʝʢʪʽ ʪʘʙʫ ʢʝʨʝʢ:  

x
x e

xx
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2 6
lim
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ʐʝʰʽʤʽ: ʙײʣ ʝʩʝʧʪʝʛʽ ʘʥʳץʪʘʣʤʘסʘʥʜʳץ 
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ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  
1. ɾʦסʘʨסʳ ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨʜʳ ʪʘʙʫ. 

2. ɾʦסʘʨסʳ ʨʝʪʪʽ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʨʜʳ ʪʘʙʫ. 

3. ʌʝʨʤʘ ʪʝʦʨʝʤʘʩʳ ʞᴅʥʝ ʦʥʳש ʛʝʦʤʝʪʨʠʷʣʳץ ʤᴅʥʽ. 

4. ʈʦʣʣʴ ʪʝʦʨʝʤʘʩʳ ʞᴅʥʝ ʦʥʳש ʛʝʦʤʝʪʨʠʷʣʳץ ʤᴅʥʽ. 

5. ʃʘʛʨʘʥʞ ʪʝʦʨʝʤʘʩʳ ʞᴅʥʝ ʦʥʳש ʛʝʦʤʝʪʨʠʷʣʳץ ʤᴅʥʽ. 

6. ʂʦʰʠ ʪʝʦʨʝʤʘʩʳ ʞᴅʥʝ ʦʥʳש ʛʝʦʤʝʪʨʠʷʣʳץ ʤᴅʥʽ. 

7. ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽ. 
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ɾʘʪʪʳϤʫʣʘʨ: 

 

1. ʌʫʥʢʮʠʷʥʳש ʝʢʽʥʰʽ ʨʝʪʪʽ ʜʠʬʬʝʨʝʥʮʠʘʣʳʥ ʪʘʙʳשʳʟ: 

1) 374 25 +-= xxy . 2) xy 2cos= . 3) 
2

4 xy -= . 4) 4ln 2 -= xy . 

2. ʌʫʥʢʮʠʷʥʳש ʙʝʨʽʣʛʝʥ ʨʝʪʽ ʙʦʡʳʥʰʘ ʜʠʬʬʝʨʝʥʮʠʘʣʳʥ ʪʘʙʳשʳʟ: 

1) xy 2sin= ,  yd3 ʪʘʙʳשʳʟ.        2) 1-= xy , yd 4  ʪʘʙʳשʳʟ.  

3) xxy ln= , yd5  ʪʘʙʳשʳʟ.         4) xxy sin= , yd10  ʪʘʙʳשʳʟ. 

3. ʂʝʣʝʩʽ ʬʫʥʢʮʠʷʣʘʨʜʳש ʞʦסʘʨʳ ʨʝʪʪʽ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʨʳʥ ʪʘʙʳשʳʟ: 

1) ()
2

4 xxf -= , yd 2  ʪʘʙʳשʳʟ. (ɾʘʫʘʙʳ. ( )()22 14ln24ln24
2

dxxx -- ); 

2) () xxf 2sin= , yd3  ʪʘʙʳשʳʟ. (ɾʘʫʘʙʳ. ()32sin4 dxx- ) 

 

ʊʘʧʩʳʨʤʘ 1.  ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽʥ ʧʘʡʜʘʣʘʥʳʧ, ʙʝʨʽʣʛʝʥ ʰʝʢʪʝʨʜʽ ʪʘʙʫ ʢʝʨʝʢ:  

1)  
4

ln( 5)
lim ;
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x

x¤

+
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     2)   lim ;
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x x¤

-

-
     3)   
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2 20
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x x
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5)  
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x x

-

+
    6)   

30

cos sin
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x x x

x

-
   7)   

5
lim ;

x

x

e
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9)   
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lim ;
5x
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tg xp
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-      11)   

2

3
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1 cos8
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13)   
30

cos sin
lim ;
x

x x x
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   14)   

0

sin
lim ;

4 sinx

tgx x
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-
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31
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lim .
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2. ʃʦʧʠʪʘʣʴ ʝʨʝʞʝʩʽʥ ʧʘʡʜʘʣʘʥʳʧ, ʢᴇʨʩʝʪʽʣʛʝʥ ʰʝʢʪʝʨʜʽ ʪʘʧ: 

   1) 
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2

13

)1ln(
lim
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¤ x

x

x
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5 ʪʘץʳʨʳʧ  ʌʫʥʢʮʠʷʥʳש ᴇʩʫ ʞᴅʥʝ ʢʝʤʫ, ʦʡʳʩ ʞᴅʥʝ ʜᴇʥʝʩ ʙʦʣʫ 

ʘʨʘʣʳץʪʘʨʳ, ʬʫʥʢʮʠʷʥʳש ʠʽʣʫ ʥװʢʪʝʩʽ 

 

ʄʘϨʩʘʪ:  ᴆʩʧʝʣʽ, ʢʝʤʽʤʝʣʽ ʬʫʥʢʮʠʷʣʘʨ, ᴇʩʫ ʞᴅʥʝ ʢʝʤʫ  ʰʘʨʪʪʘʨʳ. 

ʌʫʥʢʮʠʷʥʳש ʵʢʩʪʨʝʤʫʤʜʝʨʽ, ʩʳʥʘץ ʥװʢʪʝʩʽ ʪʫʨʘʣʳ סײʳʤ. ʌʫʥʢʮʠʷʥʳש 

ʵʢʩʪʨʝʤʫʤʳ ʙʦʣʫʳʥʳץ שʘʞʝʪʪʽʣʽʢ ʞᴅʥʝ ʞʝʪʢʽʣʽʢʪʽʣʽʢ ʰʘʨʪʪʘʨʳ. ʌʫʥʢʮʠʷʥʳש 

ʝװ שʣʢʝʥ ʞᴅʥʝ ʝש ʢʽʰʽ ʤᴅʥʜʝʨʽʥ ʪʘʙʫ. ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʜᴇשʝʩʪʽʛʽ ʤʝʥ 

ʦʡʳʩʪʳסʳʥʘ  ʘʥʳץʪʘʤʘ ʙʝʨʫ. ʀʽʣʫ ʥװʢʪʝʩʽ ʪʫʨʘʣʳ ʪװʩʽʥʽʢ. 

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ: 

1.   ɹʽʨ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ᴇʩʫ, ʢʝʤʫ ʘʨʘʣʳץʪʘʨʳʥ ʪʘʙʫ ʰʘʨʪʪʘʨʳ.  

2.   ʕʢʩʪʨʝʤʫʤʜʝʨ, ʩʳʥʘץ ʥװʢʪʝʩʽ ʪʫʨʘʣʳ סײʳʤ. 
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3. ʌʫʥʢʮʠʷʥʳש ʵʢʩʪʨʝʤʫʤʳ ʙʦʣʫʳʥʳץ שʘʞʝʪʪʽʣʽʢ ʞᴅʥʝ ʞʝʪʢʽʣʽʢʪʽʣʽʢ 

ʰʘʨʪʪʘʨʳ. 

4.  ʌʫʥʢʮʠʷʥʳש ʝװ שʣʢʝʥ ʞᴅʥʝ ʝש ʢʽʰʽ ʤᴅʥʜʝʨʽʥ ʪʘʙʫ. 

5. ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʜᴇשʝʩʪʽʛʽ ʤʝʥ ʦʡʳʩʪʳסʳ ʪʫʨʘʣʳ. 

6. ʀʽʣʫ ʥװʢʪʝʩʽ ʜʝʛʝʥʽʤʽʟ ʥʝ? 

 

ɸʡʪʘʣʳץ, ( )y f x=  ʬʫʥʢʮʠʷʩʳ (a;b) ʘʨʘʣʳסʳʥʜʘ ʘʥʳץʪʘʣʩʳʥ. 

ɸʥʳϨʪʘʤʘ.  ɽʛʝʨ ʘʨʛʫʤʝʥʪʪʽש (a;b) ʘʨʘʣʳסʳʥʘ ʪʠʽʩʪʽ ʢʝʟ ʢʝʣʛʝʥ 1 2x x<  ʤᴅʥʜʝʨʽ 

ʰʽʥ 1װ 2 1 2( ) ( ) ( ( ) ( ))f x f x f x f x< >  ʪʝשʩʽʟʜʽʛʽ ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ ( )y f x=  

ʬʫʥʢʮʠʷʩʳ (a;b) ʘʨʘʣʳסʳʥʜʘ Ϻʩʧʝʣʽ  ( ʢʝʤʽʤʝʣʽ) ʜʝʧ ʘʪʘʣʘʜʳ. 

ᴆʩʧʝʣʽ ʞᴅʥʝ ʢʝʤʽʤʝʣʽ ʬʫʥʢʮʠʷʣʘʨʜʳ ʤʦʥʦʪʦʥʜʳ ʬʫʥʢʮʠʷʣʘʨ ʜʝʧ ʘʪʘʡʜʳ. 

ʊʝʦʨʝʤʘ  (ץʘʞʝʪʪʽ ʰʘʨʪ). ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳ (a;b) ʘʨʘʣʳסʳʥʜʘ 

ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʞᴅʥʝ Ϻʩʧʝʣʽ (ʢʝʤʽʤʝʣʽ) ʙʦʣʩʘ, ʦʥʜʘ ʙײʣ ʬʫʥʢʮʠʷʥʳש 

ʪʫʳʥʜʳʩʳ (a;b) ʘʨʘʣʳסʳʥʜʘ ʪʝʢ ʦש (ʪʝʢ ʪʝʨʽʩ) ʤᴅʥʜʝʨ סʘʥʘ ץʘʙʳʣʜʘʡʜʳ:   
/ /( ) 0 ( ( ) 0) ( ; ).f x f x x a b> < " Í  

ʊʝʦʨʝʤʘ (ʞʝʪʢʽʣʽʢʪʽ ʰʘʨʪ). ɽʛʝʨ (a;b) ʘʨʘʣʳסʳʥʜʘ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ 

( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳ ʦʩʳ ʘʨʘʣʳץʪʘ ʪʝʢ ʦϬ (ʪʝʢ ʪʝʨʽʩ) ʤᴅʥʜʝʨ 

/ ʥʠסʘʙʳʣʜʘʩʘ, ʷץ /( ) 0 ( ( ) 0) ( ; ).f x f x x a b> < " Í ʦʥʜʘ ( )y f x=  ʬʫʥʢʮʠʷʩʳ 

(a;b) ʘʨʘʣʳסʳʥʜʘ Ϻʩʧʝʣʽ (ʢʝʤʽʤʝʣʽ) ʙʦʣʘʜʳ. 

ɸʥʳϨʪʘʤʘ. ɽʛʝʨ (a;b) ʘʨʘʣʳסʳʥʜʘ ʘʥʳץʪʘʣסʘʥ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש 

ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳʥʘʥ ʘʣʳʥסʘʥ 0 ( ; )x a bÍ  ʥװʢʪʝʩʽʥʽץ שʘʥʜʘʡ ʜʘ ʙʽʨ 

0 0( ; ) ( ; )x x a bx x- + Ë ʘʡʤʘסʳ ʪʘʙʳʣʳʧ, ʦʩʳ ʘʡʤʘץʪʳש ʙʘʨʣʳץ ʥװʢʪʝʣʝʨʽ װʰʽʥ 

0 0( ) ( ) ( ( ) ( ))f x f x f x f x¢ ²  

ʪʝשʩʽʟʜʽʛʽ ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ 0x  ʥװʢʪʝʩʽ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʤʘʢʩʠʤʫʤ 

(ʤʠʥʠʤʫʤ) ʥװʢʪʝʩʽ ʜʝʧ ʘʪʘʣʘʜʳ, ʤײʥʜʘסʳ 0x> . 

ʌʫʥʢʮʠʷʥʳש ʤʘʢʩʠʤʫʤ ʞᴅʥʝ ʤʠʥʠʤʫʤ ʥװʢʪʝʣʝʨʽʥ ʵʢʩʪʨʝʤʫʤ ʥϮʢʪʝʣʝʨʽ ʜʝʧ, 

ʘʣ ʦʩʳ ʥװʢʪʝʣʝʨʜʝʛʽ ʬʫʥʢʮʠʷ ʤᴅʥʜʝʨʽʥ ʬʫʥʢʮʠʷʥʳϬ ʤʘʢʩʠʤʫʤʳ ʞϸʥʝ 

ʤʠʥʠʤʫʤʳ ʥʝʤʝʩʝ ʵʢʩʪʨʝʤʫʤʳ ʜʝʧ ʘʪʘʡʜʳ. 

ʊʝʦʨʝʤʘ. (ץʘʞʝʪʪʽ ʰʘʨʪ). ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳ 0x  ʵʢʩʪʨʝʤʫʤ 

ʥװʢʪʝʩʽʥʜʝ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʙʦʣʩʘ, ʦʥʜʘ ʙײʣ ʬʫʥʢʮʠʷʥʳ0 שx  ʥװʢʪʝʩʽʥʜʝʛʽ 

ʪʫʳʥʜʳʩʳ ʥᴇʣʛʝ ʪʝש:  /

0( ) 0f x = . 

ʉʘʣʜʘʨ. ɽʛʝʨ 0x  ʥװʢʪʝʩʽ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʵʢʩʪʨʝʤʫʤ ʥװʢʪʝʩʽ ʙʦʣʩʘ, ʦʥʜʘ 

ʤʳʥʘ ʰʘʨʪʪʘʨʜʳש ʙʽʨʝʫʽ ʦʨʳʥʜʘʣʘʜʳ: 

   1)  /

0( ) 0f x = ;                            (1) 

   2)  /

0( )f x  ʘʥʳץʪʘʣʤʘʡʜʳ.       (2) 

   3)  /

0( )f x =¤.                           (3) 

ɸʥʳϨʪʘʤʘ. ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳʥʘʥ ʘʣʳʥסʘʥ 0x  

ʥװʢʪʝʩʽʥʜʝ (1), (2), (3) ʰʘʨʪʪʘʨʜʳש ʙʽʨʝʫʽ ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ 0x  ʥװʢʪʝʩʽ ( )y f x=  

ʬʫʥʢʮʠʷʩʳʥʳ1 ש-ʪϮʨʣʽ ʩʳʥʘϨ ʥϮʢʪʝʩʽ ʥʝʤʝʩʝ ʵʢʩʪʨʝʤʫʤʳ ʙʦʣʫʳ ʤϮʤʢʽʥ 
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ʊʝʦʨʝʤʘ. (ʞʝʪʢʽʣʽʢʪʽ ʰʘʨʪ). ɸʡʪʘʣʳץ, ( )y f x=  ʬʫʥʢʮʠʷʩʳ 0x  ʥװʢʪʝʩʽʥʽש 

ʘʥʜʘʡ ʜʘ ʙʽʨ 0ץ 0 0 0( ; ) ( ; )x x x xx x- Ç + ʘʡʤʘסʳʥʜʘ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʳʧ, 0x  

ʥװʢʪʝʩʽʥʜʝ װʟʽʣʽʩʩʽʟ ʙʦʣʩʳʥ ʞᴅʥʝ 0 0 0 0( ; ),( ; )x x x xx x- +  ʘʨʘʣʳץʪʘʨʳʥʳש 

ᴅʨץʘʡʩʳʩʳʥʜʘ ʬʫʥʢʮʠʷ ʪʫʳʥʜʳʩʳʥʳש ʪʘשʙʘʩʳ ᴇʟʛʝʨʤʝʩʽʥ, ʤײʥʜʘסʳ 0x> . 

ʉʦʥʜʘ, ʝʛʝʨ 0x  ʥװʢʪʝʩʽʥʝʥ ʩʦʣʜʘʥ ʦסשʘ ץʘʨʘʡ ᴇʪʢʝʥʜʝ: 

1) ʌʫʥʢʮʠʷ ʪʫʳʥʜʳʩʳʥʳש ʪʘשʙʘʩʳ Ϻʟʛʝʨʝʪʽʥ ʙʦʣʩʘ, ʦʥʜʘ 0x  ʥװʢʪʝʩʽ ( )y f x=  

ʬʫʥʢʮʠʷʩʳʥʳש ʵʢʩʪʨʝʤʫʤ ʥϮʢʪʝʩʽ ʙʦʣʘʜʳ. ɼᴅʣʽʨʝʢ ʘʡʪʩʘץ, ʝʛʝʨ ʬʫʥʢʮʠʷ 

ʪʫʳʥʜʳʩʳʥʳש ʪʘשʙʘʩʳ ʦשʥʘʥ ʪʝʨʽʩʢʝ (ʪʝʨʽʩʪʝʥ ʦסשʘ) ᴇʟʛʝʨʩʝ, ʦʥʜʘ 0x  ʥװʢʪʝʩʽ 

( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʤʘʢʩʠʤʫʤ (ʤʠʥʠʤʫʤ) ʥװʢʪʝʩʽ ʙʦʣʘʜʳ; 

2) ʌʫʥʢʮʠʷ ʪʫʳʥʜʳʩʳʥʳש ʪʘשʙʘʩʳ Ϻʟʛʝʨʤʝʡʪʽʥ ʙʦʣʩʘ, ʦʥʜʘ 0x  ʥװʢʪʝʩʽ 

( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʵʢʩʪʨʝʤʫʤ ʥϮʢʪʝʩʽ ʝʤʝʩ. 

ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳ [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ װʟʽʣʽʩʩʽʟ ʙʦʣʩʘ, ʦʥʜʘ ʙײʣ 

ʬʫʥʢʮʠʷ ᴇʟʽʥʽש ʝװ שʣʢʝʥ ʞᴅʥʝ ʝש ʢʽʰʽ ʤᴅʥʜʝʨʽʥ ץʘʙʳʣʜʘʡʜʳ. ʄײʥʜʘʡ ʤᴅʥʜʝʨʜʽ 

 שʜʝ ʘʨʘʩʳʥʜʘ ʥʝʤʝʩʝ ʢʝʩʽʥʜʽʥʽ שʢʪʝʣʝʨʽʥʽװʥ ץʢʪʝʣʝʨ ʩʳʥʘװʘʙʳʣʜʘʡʪʳʥ ʥץ

ʰʝʪʢʽ ʥװʢʪʝʣʝʨʽʥʽש ʙʽʨʽʥʜʝ ʙʦʣʘʜʳʳ. 

ɸʥʳϨʪʘʤʘ.  [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ װʟʽʣʽʩʩʽʟ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʝװ שʣʢʝʥ (ʝש 

ʢʽʰʽ) ʤᴅʥʽ ʜʝʧ ʦʩʳ ʬʫʥʢʮʠʷʥʳש ʵʢʩʪʨʝʤʫʤʜʝʨʽʥʽש ʞᴅʥʝ ( ) ( )f a ʤʝʥf b 

ʩʘʥʜʘʨʳʥʳש ʽʰʽʥʜʝʛʽ ʝװ שʣʢʝʥʽʥ (ʝש ʢʽʰʽʩʽʥ) ʘʡʪʘʜʳ. 

ɽʛʝʨ  (a;b) ʘʨʘʣʳסʳʥʜʘ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ( )y f x=  ץʙʘʨʣʳ שʳʥʳסʠʩʳץ 

ʥװʢʪʝʣʝʨʽ ʩʦʣ ץʠʩʳץץʘ ʞװʨʛʽʟʽʣʛʝʥ ʞʘʥʘʤʘʜʘʥ ʪᴇʤʝʥ ʦʨʥʘʣʘʩʩʘ, ʦʥʜʘ ץʠʩʳץʪʳ 

ʦʩʳ ʘʨʘʣʳץʪʘ ʜϺϬʝʩ ʜʝʧ ʘʪʘʡʜʳ. 

ɽʛʝʨ (a;b) ʘʨʘʣʳסʳʥʜʘ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ( )y f x=  ץʙʘʨʣʳ שʳʥʳסʠʩʳץ 

ʥװʢʪʝʣʝʨʽ ʩʦʣ ץʠʩʳץץʘ ʞװʨʛʽʟʽʣʛʝʥ ʞʘʥʘʤʘʜʘʥ ʞʦסʘʨʳ ʦʨʥʘʣʘʩʩʘ, ʦʥʜʘ 

 .ʪʘ ʦʡʳʩ ʜʝʧ ʘʪʘʡʜʳץʪʳ ʦʩʳ ʘʨʘʣʳץʠʩʳץ

 ʢʪʝʩʽʥ ʠʽʣʫ ʥϮʢʪʝʩʽװʨʘʪʳʥ ʥײʝʩ ʙᴇʣʽʛʽʥ ʦʡʳʩ ʙᴇʣʽʛʽʥʝʥ ʙᴇʣʽʧ ʪשʜᴇ שʪʳץʠʩʳפ

ʜʝʧ ʘʪʘʡʜʳ. 

ʊʝʦʨʝʤʘ. (ʜᴇשʝʩʪʽʢʪʽש (ʦʡʳʩʪʳץʪʳש) ʞʝʪʢʽʣʽʢʪʽ ʰʘʨʪʳ). (a;b) 

ʘʨʘʣʳסʳʥʜʘ ( )y f x= ʬʫʥʢʮʠʷʩʳʥʳש ʙʽʨʽʥʰʽ ʞᴅʥʝ ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʣʘʨʳ ʙʘʨ 

ʙʦʣʩʳʥ. ɽʛʝʨ (a;b) ʘʨʘʣʳסʳʥʳש ʙʘʨʣʳץ ʥװʢʪʝʣʝʨʽʥʜʝ // //( ) 0 ( ( ) 0)f x f x< >  

ʪʝשʩʽʟʜʽʛʽ ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ (a;b) ʘʨʘʣʳסʳʥʜʘ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛʽ 

ʜϺϬʝʩ (ʦʡʳʩ) ʙʦʣʘʜʳ. 

ʊʝʦʨʝʤʘ. (ʠʽʣʫ ʥװʢʪʝʩʽʥʽש ʙʘʨ ʙʦʣʫʳʥʳץ שʘʞʝʪʪʽ ʰʘʨʪʳ) ɽʛʝʨ 

0 0 0( ; ( ))M x f x  ʥװʢʪʝʩʽ ( )y f x=  ʬʫʥʢʮʠʷʩʳ ʛʨʘʬʠʛʽʥʽש ʠʽʣʫ ʥװʢʪʝʩʽ ʙʦʣʳʧ, 0x  

ʥװʢʪʝʩʽʥʜʝ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳװ שʟʽʣʽʩʩʽʟ ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳ ʙʘʨ ʙʦʣʩʘ, 

ʦʥʜʘ ʦʣ ʥᴇʣʛʝ ʪʝש: //

0( ) 0f x = . 

ɸʥʳϨʪʘʤʘ.  ɽʛʝʨ 0x  ʥװʢʪʝʩʽʥʜʝ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳ 

ʥᴇʣʛʝ ʪʝש ʙʦʣʩʘ, ʷסʥʠ //

0( ) 0f x =  ʥʝʤʝʩʝ ʦʣ ʥװʢʪʝʜʝ װʟʽʣʽʩʩʽʟ ( )y f x=  

ʬʫʥʢʮʠʷʩʳʥʳש ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳ ʘʥʳץʪʘʣʤʘʩʘ, ʦʥʜʘ 0x  ʥװʢʪʝʩʽ ( )y f x=  

ʬʫʥʢʮʠʷʩʳ ʛʨʘʬʠʛʽʥʽ2 ש-ʪϮʨʣʽ ʩʳʥʘϨ ʥϮʢʪʝʩʽ ʥʝʤʝʩʝ ʠʽʣʫʽ ʙʦʣʫʳ ʤϮʤʢʽʥ 
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ʊʝʦʨʝʤʘ. (ʠʽʣʫ ʥװʢʪʝʩʽʥʽש ʙʘʨ ʙʦʣʫʳʥʳש  ʞʝʪʢʽʣʽʢʪʽ ʰʘʨʪʳ) ɽʛʝʨ ( )y f x=  

ʬʫʥʢʮʠʷʩʳʥʳש ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳ x=c ʥװʢʪʝʩʽʥʜʝ ʥᴇʣʛʝ ʪʝש ʙʦʣʩʘ ʞᴅʥʝ 

ʘʨʛʫʤʝʥʪ ʩ ʥװʢʪʝʩʽʥʝʥ ᴇʪʢʝʥʜʝ // ( )f x  ʪʫʳʥʜʳʩʳ ʪʘשʙʘʩʳʥ ᴇʟʛʝʨʪʝʪʽʥ ʙʦʣʩʘ, 

ʦʥʜʘ ( )y f x=  ʢʪʝʩʽװʠʽʣʫ ʥ שʢʪʝʩʽʥʽװʘʙʩʮʠʩʩʘʩʳ x=c ʙʦʣʘʪʳʥ ʥ שʳʥʳסʠʩʳץ 

ʙʦʣʘʜʳ. 

ɹʽʨ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʦʡʳʩ, ʜᴇשʝʩ ʘʨʘʣʳץʪʘʨʳʥ ʞᴅʥʝ ʠʽʣʫ 

ʥװʢʪʝʣʝʨʽʥ ʪʘʙʫ ʝʨʝʞʝʩʽ: 

1) ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳ2 ש-ʪװʨʣʽ ʩʳʥʘץ ʥװʢʪʝʣʝʨʽʥ, ʷסʥʠ ʬʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש 

ʠʽʣʫʽ ʙʦʣʫʳ ʤװʤʢʽʥ ʥװʢʪʝʣʝʨʽʥ ʘʥʳץʪʘʫ ץʘʞʝʪ. ʆʣ װʰʽʥ: 

ʘ) ʬʫʥʢʮʠʷʥʳש ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳʥ ʪʘʙʫ; 

ʙ) ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳʥ ʥᴇʣʛʝ ʪʝשʝʩʪʽʨʽʧ, ʧʘʡʜʘ ʙʦʣסʘʥ ʪʝשʜʝʫʜʽ ʰʝʰʫ; 

ʚ) ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʥʳ װʟʽʣʽʩʩʽʟʜʽʢʢʝ ʟʝʨʪʪʝʫ ʢʝʨʝʢ. 

2) ʊʘʙʳʣסʘʥ 2-ʪװʨʣʽ ʩʳʥʘץ ʥװʢʪʝʣʝʨʽʥʜʝ ʬʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʠʽʣʫʽ ʙʘʨ, 

ʞʦץʪʳסʳʥ ʘʥʳץʪʘʫ ʢʝʨʝʢ. ʆʣ װʰʽʥ 2-ʪװʨʣʽ ʩʳʥʘץ ʥװʢʪʝʣʝʨʽʥʽש ʘʡʤʘץʪʘʨʳʥʜʘ 

ʬʫʥʢʮʠʷʥʳש ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳʥʳש ʪʘשʙʘʣʘʨʳʥ ʟʝʨʪʪʝʧ, ʬʫʥʢʮʠʷ 

ʛʨʘʬʠʛʽʥʽש ʦʡʳʩ, ʜᴇשʝʩ ʘʨʘʣʳץʪʘʨʳ ʞᴅʥʝ ʠʽʣʫ ʥװʢʪʝʣʝʨʽ ʪʫʨʘʣʳ ʞʝʪʢʽʣʽʢʪʽ 

ʰʘʨʪʪʘʨʜʳ ʧʘʡʜʘʣʘʥʳʧ, ץʦʨʳʪʳʥʜʳ ʞʘʩʘʫ ץʘʞʝʪ. 

 

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  
1. ᴆʩʧʝʣʽ (ʢʝʤʽʤʝʣʽ) ʬʫʥʢʮʠʷʣʘʨ ʜʝʧ ץʘʥʜʘʡ ʬʫʥʢʮʠʷʣʘʨʜʳ ʘʡʪʘʜʳ? 

2. ʄʦʥʦʪʦʥʜʳ ʬʫʥʢʮʠʷʣʘʨ ʜʝʧ ץʘʥʜʘʡ ʬʫʥʢʮʠʷʣʘʨʜʳ ʘʡʪʘʜʳ? 

3. ʌʫʥʢʮʠʷʥʳש ᴇʩʫ ʞᴅʥʝ ʢʝʤʫ ʰʘʨʪʪʘʨʳ ץʘʥʜʘʡ? 

4. ʌʫʥʢʮʠʷʥʳש ʵʢʩʪʨʝʤʫʤʜʝʨʽ ʜʝʛʝʥʽʤʽʟ ʥʝ? 

5. ʕʢʩʪʨʝʤʫʤʥʳש ʙʘʨ ʙʦʣʫ ʰʘʨʪʪʘʨʳ. 

6. ʉʳʥʘץ ʥװʢʪʝʩʽ ʜʝʛʝʥʽʤʽʟ ʥʝ? 

7. ʌʫʥʢʮʠʷʥʳש ʝװ שʣʢʝʥ ʞᴅʥʝ ʝש ʢʽʰʽ ʤᴅʥʜʝʨʽʥ ʪʘʙʫ ʞʦʣʳ ץʘʥʜʘʡ?  

 

 

ɾʘʪʪʳϤʫʣʘʨ: 

 

ʊʘʧʩʳʨʤʘ 1. ʄʳʥʘ ʬʫʥʢʮʠʷʣʘʨʜʳש ᴇʩʫ ʞᴅʥʝ ʢʝʤʫ ʘʨʘʣʳץʪʘʨʳʥ ʪʘʧ: 
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ʊʘʧʩʳʨʤʘ 2. ʌʫʥʢʮʠʷʥʳ ʵʢʩʪʨʝʤʫʤʛʝ ʟʝʨʪʪʝ: 
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2

2

+
=

x

x
xf               3)  xxxf ln)( =  

          4) 22 )12()( -= xʭxf                        5) 
8

4
)(

2+
=

x
xf             6)  xxexf =)(  
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ʊʘʧʩʳʨʤʘ 3. 1) ʊʽʢ ʢʦʥʫʩ ʬʦʨʤʘʩʳʥʜʘסʳ ʤʘʪʘ ʰʘʪʳʨʜʳש ʢᴇʣʝʤʽ V-סʘ ʪʝש. 

ʐʘʪʳʨסʘ ʢʝʪʝʪʽʥ ʤʘʪʘ ʩʘʥʳ ʝש ʘʟ ʙʦʣʫʳ װʰʽʥ, ʢʦʥʫʩʪʳש ʙʠʽʢʪʽʛʽʥʽש ʦʥʳש ʪʘʙʘʥ 

ʨʘʜʠʫʩʳʥʘ ץʘʪʳʥʘʩʳ ץʘʥʜʘʡ ʙʦʣʫʳ ʢʝʨʝʢ? 

    2) ʂᴇʣʝʤʽ V-סʘ ʪʝש, ʪʦʣʳץ ʙʝʪʽʥʽש ʘʫʜʘʥʳ ʝש ʢʽʰʽ ʙʦʣʘʪʳʥ ʮʠʣʠʥʜʨʜʽש R 

ʨʘʜʠʫʩʳ ʤʝʥ H ʙʠʽʢʪʽʛʽʥʽש ʘʨʘʩʳʥʜʘסʳ ץʘʪʳʩʪʳ ʪʘʙʫ ʢʝʨʝʢ. 

 

ʊʘʧʩʳʨʤʘ 4. 1) xxy 2cossin2 +=  ʬʫʥʢʮʠʷʩʳʥʳש ù
ú

ø
é
ê

è

2
;0
p

 ʢʝʩʽʥʜʽʜʝʛʽ ʝװ שʣʢʝʥ ʞᴅʥʝ 

ʝש ʢʽʰʽ ʤᴅʥʜʝʨʽʥ ʪʘʧ. 

 

2) )22ln( 2 +-= xxy  ʬʫʥʢʮʠʷʩʳʥʳש [ ]3;0  ʢʝʩʽʥʜʽʜʝʛʽ ʝװ שʣʢʝʥ ʞᴅʥʝ ʝש ʢʽʰʽ 

ʤᴅʥʜʝʨʽʥ ʪʘʧ. 

 

ʊʘʧʩʳʨʤʘ 5. ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛʽʥʽש ʦʡʳʩ ʞᴅʥʝ ʜᴇשʝʩ 

ʘʨʘʣʳץʪʘʨʳʥ ʪʘʙʳשʳʟ . 

 

ʊʘʧʩʳʨʤʘ 6.  ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛʽʥʽש ʦʡʳʩ,ʜᴇשʝʩ 

ʘʨʘʣʳץʪʘʨʳʥ ʞᴅʥʝ ʠʽʣʫ ʥװʢʪʝʣʝʨʽʥ ʪʘʙʳשʳʟ. 

 

ʊʘʧʩʳʨʤʘ 7. 
3

2 5
1

( 3 2) ( 3)
8

ʫ ʭ ʭ ʭ= + + Ö - ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛʽʥʽש ʙʘʨʣʳץ ʠʽʣʫ 

ʥװʢʪʝʣʝʨʽʥʽש ʘʙʩʮʠʩʩʘʩʳʥ ʪʘʙʳשʳʟ. 

 

 

ʊʘʧʩʳʨʤʘ 8.  ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛʽʥʽש 
4

3;
5

å õ
æ ö
ç ÷

  ʥװʢʪʝʩʽ 

ʠʽʣʫ ʥװʢʪʝʩʽ ʙʦʣʳʧ ʪʘʙʳʣʘ ʤʘ ʩʦʥʳ ʘʥʳץʪʘשʳʟ. 

 

 

6 ʪʘץʳʨʳʧ ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʘʩʠʤʧʪʦʪʘʣʘʨʳ. ʌʫʥʢʮʠʷʥʳ ʟʝʨʪʪʝʫ ʤʝʥ 

ʛʨʘʬʠʛʽʥ ʩʘʣʫʜʳש ʞʘʣʧʳ ʩʭʝʤʘʩʳ 

 

ʄʘϨʩʘʪ:  ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʘʩʠʤʧʪʦʪʘʣʘʨʳʥ ʪʘʙʫ ʬʦʨʤʫʣʘʣʘʨʳ. 

ʌʫʥʢʮʠʷʥʳ ʪʦʣʳץ ʟʝʨʪʪʝʫ. 

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ: 
1. ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʚʝʨʪʠʢʘʣʴ, ʛʦʨʠʟʦʥʪʘʣʴ, ʢᴇʣʙʝʫ ʘʩʠʤʧʪʦʪʘʣʘʨʳʥ ʪʘʙʫ. 

2. ʌʫʥʢʮʠʷʥʳ ʪʦʣʳץ ʟʝʨʪʪʝʫ ʝʨʝʞʝʩʽ. 
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 ɹʽʨ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳ ʟʝʨʪʪʝʛʝʥʜʝ ʘʨʛʫʤʝʥʪʽ ʰʝʢʩʽʟʜʽʢʢʝ ʥʝʤʝʩʝ 2-

ʪװʨʣʽ װʟʽʣʽʩ ʥװʢʪʝʩʽʥʝ ײʤʪʳʣסʘʥʜʘ ʬʫʥʢʮʠʷʥʳץ שʘʣʘʡ ᴇʟʛʝʨʝʪʽʥʜʽʛʽʥ ʙʽʣʫ ᴇʪʝ 

 .ʘʞʝʪץ

ɸʥʳϨʪʘʤʘ.  ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש ʘʨʛʫʤʝʥʪʽ ʰʝʢʩʽʟʜʽʢʢʝ ʥʝʤʝʩʝ 2-

ʪװʨʣʽ װʟʽʣʽʩ ʥװʢʪʝʩʽʥʝ ײʤʪʳʣסʘʥʜʘ ʦʣ ʬʫʥʢʮʠʷʥʳש ʛʨʘʬʠʛʽ ץʘʥʜʘʡ ʜʘ ʙʽʨ ʪװʟʫʛʝ 

ʤʝʡʣʽʥʰʝ ʞʘץʳʥʜʘʩʘ, ʦʥʜʘ ʦʣ ʪװʟʫ ( )y f x=  ʬʫʥʢʮʠʷʩʳ ʛʨʘʬʠʛʽʥʽש 

ʘʩʠʤʧʪʦʪʘʩʳ ʜʝʧ ʘʪʘʣʘʜʳ. 

 ɸʩʠʤʧʪʦʪʘʣʘʨ ʢʦʦʨʜʠʥʘʪ ᴇʩʪʝʨʽʥʝ ץʘʨʘסʘʥʜʘ ʦʨʥʘʣʘʩʫʳʥʘ ץʘʨʘʡ װʰ 

ʪװʨʛʝ ʙᴇʣʽʥʝʜʽ: ʚʝʨʪʠʢʘʣʴ, ʛʦʨʠʟʦʥʪʘʣʴ ʞᴅʥʝ ʢᴇʣʙʝʫ ʘʩʠʤʧʪʦʪʘʣʘʨ ʙʦʣʳʧ. 

ɸʥʳϨʪʘʤʘ.  ɽʛʝʨ ʤʳʥʘ ʝʢʽ ʰʘʨʪʪʳש  
( ) , ( )

x a x a
Lim f x Lim f x
 +  -

=¤ =¤ 

ʝש ʢʝʤʽʥʜʝ ʙʽʨʝʫʽ ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ x=a ʪװʟʫʽ ( )y f x=  ʬʫʥʢʮʠʷʩʳ ʛʨʘʬʠʛʽʥʽש 

ʚʝʨʪʠʢʘʣʴ ʘʩʠʤʧʪʦʪʘʩʳ ʜʝʧ ʘʪʘʣʘʜʳ. 

 

ɸʥʳϨʪʘʤʘ.  ɽʛʝʨ  
( ) ( ( ) )

x x
Lim f x A Lim f x A
+¤ -¤

= =  

ʰʘʨʪʳ ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ y=A ʪװʟʫʽ ( )y f x=  ʬʫʥʢʮʠʷʩʳ ʛʨʘʬʠʛʽʥʽש ʘʨʛʫʤʝʥʪʽ 

( )x x+¤  .ʘʥ ʢʝʟʜʝʛʽ ʛʦʨʠʟʦʥʪʘʣʴ ʘʩʠʧʪʦʪʘʩʳ ʜʝʧ ʘʪʘʣʘʜʳסʤʪʳʣײ ¤-

ɸʥʳϨʪʘʤʘ. ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳ װʰʽʥ ( ) ( )f x kx b xa= + +  ʪʝשʜʽʛʽ 

ʦʨʳʥʜʘʣʘʪʳʥ ʙʦʣʩʘ, ʦʥʜʘ y=kx+b ʪװʟʫʽ ʘʨʛʫʤʝʥʪ ( )x x+¤  ʘʥסʤʪʳʣײ ¤-

ʢʝʟʜʝ ( )y f x=  ʬʫʥʢʮʠʷʩʳ ʛʨʘʬʠʛʽʥʽש ʢᴇʣʙʝʫ ʘʩʠʤʧʪʦʪʘʩʳ ʜʝʧ ʘʪʘʣʘʜʳ, 

ʤײʥʜʘסʳ 0, ( ) 0 ( ( ) 0)
x x

k Lim x Lim xa a
+¤ -¤

¸ = =. 

ʊʝʦʨʝʤʘ. y=kx+b ʪװʟʫʽ ʘʨʛʫʤʝʥʪ ( )x x+¤  ʘʥ ʢʝʟʜʝסʤʪʳʣײ ¤-

( )y f x=  ʬʫʥʢʮʠʷʩʳ ʛʨʘʬʠʛʽʥʽש ʢᴇʣʙʝʫ ʘʩʠʤʧʪʦʪʘʩʳ ʙʦʣʫʳ װʰʽʥ ʤʳʥʘ 

ʪʝשʜʽʢʪʝʨʜʽש  
( )

, ( ( ) )

( )
( , ( ( ) ))

x x

x x

f x
k Lim b Lim f x kx

x

f x
k Lim b Lim f x kx

x

+¤ +¤

-¤ -¤

= = -

= = -

 

ʦʨʳʥʜʘʣʫʳ ץʘʞʝʪʪʽ ʞᴅʥʝ ʞʝʪʢʽʣʽʢʪʽ, ʤײʥʜʘסʳ k,b ï ʥʘץʪʳ ʩʘʥʜʘʨ, 0k¸ . 

ɹʽʨ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳ ʪʦʣʳץ ʟʝʨʪʪʝʧ, ʦʥʳש ʛʨʘʬʠʛʽʥ ʩʘʣʫʜʳש ʝʨʝʞʝʩʽ: 

1) ʌʫʥʢʮʠʷʥʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳʥ ʪʘʙʫ; 

2) ʌʫʥʢʮʠʷʥʳ ʪʘץ, ʞײʧ ʞᴅʥʝ ʧʝʨʠʦʜʪʳʣʳץץʘ ʟʝʨʪʪʝʫ; 

3) ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʢʦʦʨʜʠʥʘʪ ᴇʩʪʝʨʽʤʝʥ ץʠʳʣʳʩʫ ʥװʢʪʝʣʝʨʽʥ ʪʘʙʫ; 

4) ʌʫʥʢʮʠʷʥʳ װʟʽʣʽʩʩʽʟʜʽʢʢʝ ʟʝʨʪʪʝʫ; ʝʛʝʨ ʙʘʨ ʙʦʣʩʘ, ʬʫʥʢʮʠʷʥʳװ שʟʽʣʽʩ 
ʥװʢʪʝʣʝʨʽʥ ʪʘʫʳʧ, ʦʣʘʨʜʳש ʪʝʢʪʝʨʽʥ ʘʥʳץʪʘʫ; 

5) ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʘʩʠʤʧʪʦʪʘʣʘʨʳʥ (ʚʝʨʪʠʢʘʣʴ, ʛʦʨʠʟʦʥʪʘʣʴ ʞᴅʥʝ 

ʢᴇʣʙʝʫ) ʪʘʙʫ; 

6) ʌʫʥʢʮʠʷʥʳש ᴇʩʫ, ʢʝʤʫ ʘʨʘʣʳץʪʘʨʳʥ ʞᴅʥʝ ʵʢʩʪʨʝʤʫʤʜʝʨʽʥ ʪʘʙʫ; 

7) ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʦʡʳʩ, ʜᴇשʝʩ ʘʨʘʣʳץʪʘʨʳʥ ʞᴅʥʝ ʠʽʣʫ ʥװʢʪʝʣʝʨʽʥ ʪʘʙʫ; 

8) ɾװʨʛʽʟʽʣʛʝʥ ʟʝʨʪʪʝʫʜʽש ʥᴅʪʠʞʝʣʝʨʽʥʝ ʩװʡʝʥʝ ʦʪʳʨʳʧ, ʬʫʥʢʮʠʷʥʳש 

ʛʨʘʬʠʛʽʥ ʩʘʣʫ. 
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ʄʳʩʘʣʳ: 
22

2 1

x
y

x
=

-
  ʬʫʥʢʮʠʷʩʳʥ ʪʦʣʳץ ʟʝʨʪʪʝʧ, ʛʨʘʬʠʛʽʥ ʩʘʣʳשʳʟ. 

ʐʝʰʫʽ: 

1) ʌʫʥʢʮʠʷ 
1 1

( ; ) ( ; )
2 2

-¤ +¤- ʜʘ ʘʥʳץʪʘʣסʘʥ. 

2) ɾײʧ ʪʘ ʝʤʝʩ, ʪʘץʪʘ ʝʤʝʩ ʬʫʥʢʮʠʷ, ʩʝʙʝʙʽ )()( xyxy ¸-  ʠ )()( xyxy -̧- , 

ʙʘʨʣʳץ ))(( xyDxÍ   .ʰʽʥװ 

3) ʌʫʥʢʮʠʷ ʧʝʨʠʦʜʪʳ ʝʤʝʩ. 

4) ʌʫʥʢʮʠʷʥʳש ʘʣʳʤʳ ʥᴇʣʛʝ ʪʝש ʙʦʣʤʘʡʜʳ, ʷסʥʠ 2ʭ-1 0̧ ʠ 2ʭ̧1 Ý ʭ̧ 2

1

.    

ʉʦʥʜʳץʪʘʥ ʬʫʥʢʮʠʷʥʳש 
2

1
=x  ʥװʢʪʝʩʽ - װʟʽʣʽʩ. ʄʳʥʘ ʰʝʢʪʝʨʜʽ ʝʩʝʧʪʝʡʽʢ:   

2

1

2

2
lim

2 1x

x

x -

å õ
=-¤æ ö

-ç ÷
                   

2

1

2

2
lim

2 1x

x

x +

å õ
=+¤æ ö

-ç ÷
  

ʆʣʘʡ ʙʦʣʩʘ , 
1

2
x=  ʪװʟʫʽ ʬʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʚʝʨʪʠʢʘʣʴ ʘʩʠʤʧʪʦʪʘʩʳ ʝʢʝʥ. 

ɻʦʨʠʟʦʥʪʘʣʴ ʘʩʠʤʧʪʦʪʘʩʳʥ ʪʘʙʘʡʳץ: 
22

lim
2 1x

x

x°¤

å õ
=¤æ ö

-ç ÷
 ʙײʣ ʰʝʢ ʥʘץʪʳ ʩʘʥסʘ ʪʝש ʝʤʝʩ ʙʦʣסʘʥʜʳץʪʘʥ, ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷ 

ʛʨʘʬʠʛʽʥʽש ʛʦʨʠʟʦʥʪʘʣʴ ʘʩʠʤʧʪʦʪʘʩʳ ʞʦץ. ʂᴇʣʙʝʫ ʘʩʠʤʧʪʦʪʘʩʳʥʳש ʙʘʨ, 

ʞʦץʪʳסʳʥ ʘʥʳץʪʘʫ װʰʽʥ ʤʳʥʘ ʰʝʢʪʝʨʜʽ ʝʩʝʧʪʝʡʽʢ:  
2( ) 2 2

lim lim lim 1
2 1 2 1x x x

f x x x
k x

x x x°¤ °¤ °¤

å õå õ å õ
= = · = =æ öæ ö æ ö

- -ç ÷ ç ÷ç ÷
 

2 2 22 2 2 1
lim lim lim .

2 1 2 1 2 1 2x x x

x x x x x
b x

x x x¤ ¤ ¤

å õ - +
= - = = =æ ö

- - -ç ÷
 

ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʢᴇʣʙʝʫ ʘʩʠʤʧʪʦʪʘʩʳ ʪʝשʜʝʫʽ: 
2

1
+=+= xbkxy  

5) ʌʫʥʢʮʠʷʥʳש ᴇʩʫ, ʢʝʤʫ ʘʨʘʣʳץʪʘʨʳʥ ʞᴅʥʝ ʵʢʩʪʨʝʤʫʤʜʝʨʽʥ ʪʘʙʘʡʳץ: 

ʘ) ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳ 

22

2

2

22

2

2
,

)12(

)1(4

)12(

44

)12(

448

)12(

4)12(4

-

-
=

-

-
=

-

--
=

-

--
=

x

xx

x

xx

x

xxx

x

xxx
y

 

ʙ) 0)( =¡xy , ʷסʥʠ 
2

4 ( 1)
0

(2 1)

x x

x

-
=

-
 ʪʝשʜʝʫʜʽש ʪװʙʽʨʽ  ʭ=0 ʞᴅʥʝ ʭ=1, ʘʣ 

2

1
=x

ʬʫʥʢʮʠʷʥʳש ʙʽʨʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳ ʪʘʙʳʣʤʘסʘʥʜʳץʪʘʥ, ʙײʣ ʥװʢʪʝʜʝ ʬʫʥʢʮʠʷ 

ʟʝʨʪʝʣʤʝʡʜʽ. 

 

ʂʝʩʪʝʥʽ ʩʘʣʘʡʳץ:          

x ( )0;¤-  0 ö
÷

õ
æ
ç

å

2

1
;0

 
ö
÷

õ
æ
ç

å
1;

2

1

 
1 ( )¤;1  

)(xf¡  + max ï ï min + 
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)(xf   U 0  W  W 2  U

 

 ɸ(0,0) ïʤʘʢʩʠʤʫʤ ʥװʢʪʝʩʽ; ɺ(1,2) ï  ʤʠʥʠʤʫʤ ʥװʢʪʝʩʽ. 

ɽʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳʩʳʥ ʪʘʫʳʧ ʥᴇʣʴʛʝ ʪʝשʝʩʪʽʨʝʤʽʟ: 
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1
=x ʥװʢʪʝʩʽʥʜʝ ʝʢʽʥʰʽ ʨʝʪʪʽ ʪʫʳʥʜʳ ʥᴇʣʴʛʝ ʘʡʥʘʣʘʜʳ, ʘʣ 

2

1
=x ʥװʢʪʝʩʽʥʜʝ 

ʪʘʙʳʣʤʘʡʜʳ. 

 

ʂʝʩʪʝ ײץʨʘʤʳʟ: 
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ɽʥʜʽ ʞװʨʛʽʟʽʣʛʝʥ ʟʝʨʪʪʝʫʜʽש ʥᴅʪʠʞʝʩʽʥʝ ʩװʡʝʥʝ ʦʪʳʨʳʧ, ʙʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʥʳש 

ʛʨʘʬʠʛʽʥ ʩʘʣʘʤʳʟ. 
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ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  
1. ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʚʝʨʪʠʢʘʣʴ ʘʩʠʤʧʪʦʪʘʩʳʥ ʪʘʙʫ. 

2. ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʛʦʨʠʟʦʥʪʘʣʴ ʘʩʠʤʧʪʦʪʘʩʳʥ ʪʘʙʫ. 

3. ʌʫʥʢʮʠʷ ʛʨʘʬʠʛʽʥʽש ʢᴇʣʙʝʫ ʘʩʠʤʧʪʦʪʘʩʳʥ ʪʘʙʫ. 

4. ʌʫʥʢʮʠʷʥʳ ʪʦʣʳץ ʟʝʨʪʪʝʧ, ʦʥʳש ʛʨʘʬʠʛʽʥ ʩʘʣʫ ʝʨʝʞʝʩʽ. 

ɾʘʪʪʳϤʫʣʘʨ: 

 

ʊʘʧʩʳʨʤʘ 1.   ʬʫʥʢʮʠʷʥʳ ʪʦʣʳץ ʟʝʨʪʪʝʧ, ʛʨʘʬʠʛʽʥ ʩʘʣ 
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8. 
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7 ʪʘץʳʨʳʧ ɸʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣ, ʦʥʳץ שʘʩʠʝʪʪʝʨʽ. ʀʥʪʝʛʨʘʣʜʘʨ 

ʢʝʩʪʝʩʽ 

 

ʄʘϨʩʘʪ: ʉʪʫʜʝʥʪʪʝʨʜi ʠʥʪʝʛʨʘʣʜʳץ ʝʩʝʧʪʝʫʜiש ʥʝʛiʟʛi סײʳʤʜʘʨʳʤʝʥ ʞᴅʥʝ 

ᴅʜiʩʪʝʨiʤʝʥ ʪʘʥʳʩʪʳʨʫ. 

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ: 

1. ɸʣסʘʰץʳ ʬʫʥʢʮʠʷ ʞᴅʥʝ ʘʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣʜʳש ʘʥʳץʪʘʤʘʣʘʨʳ. 

2. ɸʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣʜʳש ʥʝʛiʟʛi ץʘʩʠʝʪʪʝʨi.  

3. ʅʝʛiʟʛi ʠʥʪʝʛʨʘʣʜʘʨʜʳש ʢʝʩʪʝʩi. 

4. ʀʥʪʝʛʨʘʣʜʘʫʜʳש ʥʝʛiʟʛi ᴅʜiʩʪʝʨi. 

 

ɸʥʳϨʪʘʤʘ. ɽʛʝʨ ʍ ʘʨʘʣʳסʳʥʳש ᴅʨʙiʨ ʭ ʥװʢʪʝʩiʥʜʝ ( ) ( )F x f x¡ =  ʪʝשʜiʛi 

ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ ʦʩʳ ʘʨʘʣʳץʪʘ ( )F x  ʬʫʥʢʮʠʷʩʳ )(xf  ʬʫʥʢʮʠʷʩʳʥʳש  

ʘʣϤʘʰϨʳ ʬʫʥʢʮʠʷʩʳ ʜʝʧ ʘʪʘʣʘʜʳ.  

ɸʣסʘʰץʳ ʬʫʥʢʮʠʷʥʳש ʥʝʛiʟʛi ץʘʩʠʝʪi ʙʳʣʘʡ ʪײʞʳʨʳʤʜʘʣʘʜʳ: ʝʛʝʨ ( )F x  

ʬʫʥʢʮʠʷʩʳ )(xf ʬʫʥʢʮʠʷʩʳʥʘ ʘʣסʘʰץʳ ʬʫʥʢʮʠʷ ʙʦʣʩʘ, ʦʥʜʘ ( )F x +ʉ  

ʬʫʥʢʮʠʷʩʳ ʜʘ ʢʝʟ ʢʝʣʛʝʥ ʉ װʰiʥ )(xf ʬʫʥʢʮʠʷʩʳʥʘ ʘʣסʘʰץʳ ʬʫʥʢʮʠʷ 

ʙʦʣʘʜʳ.  

ɸʥʳϨʪʘʤʘ. )(xf  ʬʫʥʢʮʠʷʩʳʥʳש ʍ ʘʨʘʣʳסʳʥʜʘסʳ ʙʘʨʣʳץ ʘʣסʘʰץʳ 

ʬʫʥʢʮʠʷʣʘʨʳʥʳש ʞʠʳʥʪʳסʳ )(xf ʬʫʥʢʮʠʷʩʳʥʳש ʘʥʳϨʪʘʣʤʘϤʘʥ ʠʥʪʝʛʨʘʣʳ 

ʜʝʧ ʘʪʘʣʘʜʳ ʞᴅʥʝ ( )f x dxñ  ʜʝʧ ʙʝʣʛiʣʝʥʝʜi, ʤײʥʜʘ  ñ-ʠʥʪʝʛʨʘʣ ʙʝʣʛiʩi,  f(x)- 

ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ʬʫʥʢʮʠʷ,  f(x)dx- ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ᴇʨʥʝʢ.     

( )f x dxñ = ( )F x C+  

ʌʫʥʢʮʠʷʜʘʥ ʘʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣ ʪʘʙʫ ʘʤʘʣʳ ʦʩʳ ʬʫʥʢʮʠʷʥʳ 

ʠʥʪʝʛʨʘʣʜʘʫ ʜʝʧ ʘʪʘʣʘʜʳ. 

 

ɸʥʳϨʪʘʣʤʘϤʘʥ ʠʥʪʝʛʨʘʣʜʳϬ Ϩʘʩʠʝʪʪʝʨi: 

1.  ( ) )()( xfdxxf =
¡

ñ ;       ñ +=¡ Cxfdxxf )()( ;   ʤײʥʜʘ ʉ ï ʝʨʢiʥ ʪײʨʘץʪʳ. 

2. 
( ) dxxfdxxfd )()( =ñ ; 

3. ñ += CxFxdF )()(  
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4. ñ ñÖ=Ö dxxfCdxxfC )()(  , ʤײʥʜʘ    ʉ- ʪײʨʘץʪʳ ʰʘʤʘ. 

5. 
[ ]1 2 1 2( ) ( ) ( ) ( )f x f x dx f x dx f x dx° = °ñ ñ ñ. 

 

    ʅʝʛiʟʛi ʠʥʪʝʛʨʘʣʜʘʨ ʢʝʩʪʝʩi: 

1.   ñ -̧+
+

=
+

)1(,
1

1

aC
a

x
dxx

a
a ;                              2.   ln

dx
x C

x
= +ñ ; 

 

3.  ln

x
x a

a dx C
a

= +ñ    (a>0, a 1̧);
                        4.  

x xe dx e C= +ñ ; 

 

5. 
sin cosxdx x C=- +ñ ;                                      6. cos sinxdx x C= +ñ ; 

 

7. 
2cos

dx
tgx C

x
= +ñ ;                                            8. 

2sin

dx
ctgx C

x
=- +ñ ; 

 

9. 
ñ +=
-

Cx
x

dx
arcsin

1 2

;                                       10.  ñ +=
+

Carctgx
x

dx
21

; 

 

11. 
ñ +

+

-
=

-
ʉ

ax

ax

aax

dx
ln

2

1
22

   ( 0̧a );                 12. ñ +++=
+

Cxx
x

dx
l

l

2

2
ln ; 

 

13. 
ñ +=

-
C

ʘ

ʭ

xʘ

dx
arcsin

22

;                            4. ñ +=
+

C
ʘ

ʭ
arctg
ʘxʘ

dx 1
22

  ( 0̧ʘ ). 

15. 
2 2

1 1
ln

2

x a
dx C

a x a x a

+
= +

- -ñ  

     

ʀʥʪʝʛʨʘʣʜʘʫʜʳϬ ʥʝʛʽʟʛʽ ϸʜʽʩʪʝʨʽ: 

1. ɾʽʢʪʝʫ ʘʨϨʳʣʳ ʠʥʪʝʛʨʘʣʜʘʫ ϸʜʽʩʽ (ʪʽʢʝʣʝʡ ʠʥʪʝʛʨʘʣʜʘʫ). 

ɹײʣ ᴅʜʽʩ ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ʬʫʥʢʮʠʷʥʳ ʘʣʛʝʙʨʘʣʳץ ץʘʨʘʧʘʡʳʤ ץʦʩʳʥʜʳʣʘʨסʘ 

ʞʽʢʪʝʧ, ʦʣʘʨʜʳש ᴅʨץʘʡʩʳʩʳ װʰʽʥ ʘʣסʘʰץʳ ʬʫʥʢʮʠʷʥʳ ʪʽʢʝʣʝʡ ʘʥʳץʪʘʤʘ 

ʙʦʡʳʥʰʘ ʪʘʙʫסʘ ʥʝʛʽʟʜʝʣʛʝʥ.  

ʄʳʩʘʣ:  
3 3

2 23 3
( ) 3 3ln

3

x dx x
dx x dx x dx x C

x x x

+
= + = + = + +ñ ñ ñ ñ  

2.  ɸʡʥʳʤʘʣʳʣʘʨʜʳ ʘʫʳʩʪʳʨʫ ϸʜʽʩʽ. 

ɹײʣ ᴅʜʽʩ ʢװʨʜʝʣʽ ʬʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳʥʘ ʥʝʛʽʟʜʝʣʛʝʥ. ɹײʣ ᴅʜʽʩʪʽש ʥʝʛʽʟʛʽ 

ʤʘץʩʘʪʳ ï ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ᴇʨʥʝʢʪʽ ʥʝײסʨʣʳʤ ץʘʨʘʧʘʡʳʤ ʪװʨʛʝ ʢʝʣʪʽʨʫ.  

ʊʝʦʨʘʤʘ. f(x) ʬʫʥʢʮʠʷʩʳ ץʘʡʩʳ ʙʽʨ ʭ ʘʨʘʣʳסʳʥʜʘ ʘʥʳץʪʘʣסʘʥ ʞᴅʥʝ ʦʥʳש 

ʘʣסʘʰץʳ ʬʫʥʢʮʠʷʩʳ F(x) ʙʘʨ ʙʦʣʩʳʥ. ( )x xj=  ʬʫʥʢʮʠʷʩʳ t ʘʨʘʣʳסʳʥʜʘ 

ʘʥʳץʪʘʣסʘʥ ʞᴅʥʝ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʙʦʣʩʳʥ. ʉʦʥʜʘ ( ( ))F xj  ʬʫʥʢʮʠʷʩʳ f(x) 

ʬʫʥʢʮʠʷʩʳʥʳש ʘʣסʘʰץʳ ʬʫʥʢʮʠʷʩʳ ʙʦʣʘʜʳ, ʷסʥʠ /( ( )) ( ) ( ( ))f t t dt F t Cj j jÖ = +ñ . 
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3. ɹϺʣʽʢʪʝʧ ʠʥʪʝʛʨʘʣʜʘʫ ϸʜʽʩʽ. 

ɹײʣ ᴅʜʽʩ ʠʥʪʝʛʨʘʣ ʘʩʪʳשʜʘ ʝʢʽ ʥʝʤʝʩʝ ʦʜʘʥ ʜʘ ʢᴇʧ ʬʫʥʢʮʠʷʣʘʨʜʳש ʢᴇʙʝʡʪʽʥʜʽʩʽ 

ʙʦʣʳʧ ʢʝʣʛʝʥ ʞʘסʜʘʡʜʘ ץʦʣʜʘʥʳʣʘʜʳ. ɹײʣ ᴅʜʽʩ ʥʝʛʽʟʽʥʝʥ ʤʳʥʘʜʘʡ ʞʘסʜʘʡʣʘʨʜʘ 

 :ʦʣʜʘʥʳʣʘʜʳץ

1. ʀʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ʬʫʥʢʮʠʷ: ʘ) ʢᴇʧʤװʰʝʥʽש ʢᴇʨʩʝʪʢʽʰʪʽʢ, ʣʦʛʘʨʠʬʤʜʽʢ, 

ʪʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʥʝʤʝʩʝ ʢʝʨʽ ʪʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʬʫʥʢʮʠʷʣʘʨסʘ 

ʢᴇʙʝʡʪʽʥʜʽʩʽʥʝʥ ʪײʨסʘʥ ʞʘסʜʘʡʜʘ; ʙ) ʢᴇʨʩʝʪʢʽʰʪʽʢ ʞᴅʥʝ ʪʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ 

ʬʫʥʢʮʠʷʣʘʨ ʢᴇʙʝʡʪʽʥʜʽʩʽʥʝʥ ʪײʨסʘʥ ʞʘסʜʘʡʜʘ;  

2. ʀʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ʬʫʥʢʮʠʷ ʪʝʢ ʢʝʨʽ ʪʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʬʫʥʢʮʠʷ ʙʦʣסʘʥ 

ʞʘסʜʘʡʜʘ; 

3. ɹᴇʣʽʢʪʝʧ ʠʥʪʝʛʨʘʣʜʘʫʜʘ ʢʝʡ ʞʘסʜʘʡʣʘʨʜʘ ʦש ʞʘץʪʘסʳ ʠʥʪʝʛʨʘʣ ʩʦʣ ʞʘץʪʘסʳ 

ʠʥʪʝʛʨʘʣʜʘʥ ʪʝʢ ʢʦʵʬʬʠʮʠʝʥʪʽʤʝʥ סʘʥʘ ʘʡʨʳץʰʘʣʘʥʘʪʳʥ ʙʦʣʫʳ ʤװʤʢʽʥ. ɹײʣ 

ʞʘסʜʘʡʜʘ ʦʥʳ ʪʝשʜʽʢʪʽש ʩʦʣ ʞʘסʳʥʘ ʰʳסʘʨʳʧ, (ʢᴇʧʤװʰʝʣʽʢʪʝʛʽ ץײʩʘʩ ʤװʰʝʣʝʨʜʽ 

ʪʦʧʪʘʩʪʳʨסʘʥ ʩʠʷץʪʳ), ʽʟʜʝʧ ʦʪʳʨסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʪʘʙʘʤʳʟ. 

ɹᴇʣʽʢʪʝʧ ʠʥʪʝʛʨʘʣʜʘʫ ʬʦʨʤʫʣʘʩʳ ʤʳʥʘʜʘʡ: udv uv vdu= -ñ ñ 

ʀʥʪʝʛʨʘʣʜʳ ʝʩʝʧʪʝשʽʟ: 

1. ñ -++ dxxxx x )3sin2( 3  

ʐʝʰʫʽ: ʠʥʪʝʛʨʘʣʜʘʨ ʪʘʙʣʠʮʘʩʳʥ ʞᴅʥʝ ʠʥʪʝʛʨʘʣʜʘʨʜʳץ שʘʩʠʝʪʪʝʨʽʥ ʧʘʡʜʘʣʘʥʳʧ 

ʠʥʪʝʛʨʘʣʜʘʡʤʳʟ. 

ñ -++ dxxxx x )3sin2( 3 =ñ +dxx3

ñdxx2

1

2 +ñ -xdxsin ñ =dxx3

Cx
xxx x

++-Ö+=
3ln

3
cos

3
4

4

4

 

 

2. ñ -dxx3 32  

ʐʝʰʫʽ: 

ɹʝʨʽʣʛʝʥ ʠʥʪʝʨʘʣ ʢʝʣʝʩʽ ʬʦʨʤʫʣʘʣʘʨ ʢᴇʤʝʛʽʤʝʥ ʘʣʳʥʘʜʳ: 

ñ ¸++=+ 0,)(
1

)( aʛʜʝCbaxF
a

dxbaxf  ʞᴅʥʝ ñ -̧+
+

=
+

1,
1

1

aC
a

x
dxx

a
a .  

ʆʥʜʘ: 

ñ +-Ö=+

+

-
Ö=-

+

.)32(
8

3

1
3

1

)32(

2

1
)32( 3 4

1
3

1

3

1

CzC
z

dxx  

3.
( )

( ) ( ) ( )
2 3

3
55 5

2
5

5 5
4 8 4 8 4 8 .

24 244 8

dx
x dx x C x C

x

-
= - =- - + =- - +

-
ñ ñ

 

 

 

4. ñ + xdxx )1cos( 2  

ʐʝʰʫʽ: ʘʡʥʳʤʘʣʳʥʳ ʘʫʳʩʪʳʨʫ ᴅʜʽʩʽʥ ʧʘʡʜʘʣʘʥʘʤʳʟ 
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.)1sin(
2

1
sin

2

1
cos

2

1

2
,2

)1(,1

)1cos( 2

22

2

ññ ++=+==
==

=+=+

=+ CxCttdtdt
xdxdtxdx

dtxdtx

xdxx

 

 5.  ñ
+-

-

373

)76(
2 xx

dxx
. 

ʐʝʰʫʽ: .373lnln

)76(

)373(

373

373

)76( 22

2

2 ññ ++-=+==

-=

=+-

=+-

=
+-

-
CxxCt

t

dt

dxxdt

dtxxd

txx

xx

dxx
 

 

6. ñ xdxxln  

ʐʝʰʫʽ: ʙᴇʣʽʢʪʝʧ ʠʥʪʝʛʨʘʣʜʘʡʤʳʟ 

 

C
x

x
x

xdxx
x

dx
x

x
x

x

v
x

dvxdx

dvxdx

dx
x

dxxxddu

xu

xdxx

+-=-=

=Ö-=

=Ý=

=

===

=

=

ñ

ñ

ñ ñ

ñ

4
ln

22

1
ln

2

1

2
ln

2

2

1
)'(ln)(ln

ln

ln

222

22

2
 

 

 

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  

1. ɸʣסʘʰץʳ ʬʫʥʢʮʠʷʥʳש ʘʥʳץʪʘʤʘʩʳʥ ʙʝʨ.  

2. ɹʝʨiʣʛʝʥ ʬʫʥʢʮʠʷʥʳש ʘʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣʳ ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?  

3. ɸʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣʜʳש ʥʝʛiʟʛi ץʘʩʠʝʪʪʝʨi ץʘʥʜʘʡ?  

4. ʅʝʛiʟʛi ʠʥʪʝʛʨʘʣʜʘʨʜʳש ʢʝʩʪʝʩiʥ ʞʘʟ.  

5. ʅʝʛiʟʛi ʠʥʪʝʛʨʘʣʜʘʫ ᴅʜiʩʪʝʨi ץʘʥʜʘʡ?.  

6. ɸʡʥʳʤʘʣʳʥʳ ʘʫʳʩʪʳʨʫ ʘʨץʳʣʳ ʠʥʪʝʛʨʘʣʜʘʫ ᴅʜiʩiʥiש ʤʘסʳʥʘʩʳ ʥʝʜʝ?  

7. ɸʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣʜʘ ʙᴇʣiʢʪʝʧ ʠʥʪʝʛʨʘʣʜʘʫ ʬʦʨʤʫʣʘʩʳʥ ʞʘʟ.  

 

ɾʘʪʪʳϤʫʣʘʨ: 

 

ʊʘʧʩʳʨʤʘ 1.  ɸʥʳץʪʘʣʤʘסʘʥ  ʠʥʪʝʛʨʘʣʜʳ ʪʘʙʫ ʢʝʨʝʢ:    

 

1. ñ +- dxʭʭ )386( 2  

2. ñ -++ dxxʭʭ )23812( 35  

3. dxxx )1( 32 +ñ  

7.  ñ -+- dxxʭʭ )38910( 24  

8.  ñ + dxʭ 2)1(3  
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4. dx
x

x )
1

2(2 +ñ  

5. dxxx )2( +ñ  

6. dx
x

xxxx
ñ

--+
2

3 732
 

9.  dx
x

x
ñ
+3

 

10. dx
x

xxxx
ñ

++-
2

4 2253
  

11. dx
x

x
ñ
+1

 

 

 

ʊʘʧʩʳʨʤʘ 2.  ɸʥʳץʪʘʣʤʘסʘʥ  ʠʥʪʝʛʨʘʣʜʳ ʪʘʙʫ ʢʝʨʝʢ:    

1. ñ6x

dx
             2. ñ

+ 223 x

dx
         3. 

24 x

dx

-
ñ       4. 

42 +
ñ
ʭ

dx       5. ñ
x

dx
2sin

5  

ʊʘʧʩʳʨʤʘ 3.  ɸʥʳץʪʘʣʤʘסʘʥ  ʠʥʪʝʛʨʘʣʜʳ ʪʘʙʫ ʢʝʨʝʢ:    

1. dxx 2)1
3

1
( -ñ          2. dx

x

x
ñ
+

-

1

12

            3. dx
x

x
ñ

+2
          4. dxxx )(ñ+  

ʊʘʧʩʳʨʤʘ 4.  ɸʥʳץʪʘʣʤʘסʘʥ  ʠʥʪʝʛʨʘʣʜʳ ʪʘʙʫ ʢʝʨʝʢ:    

 

1. dxxñ - )32cos(   2. dxe x
ñ
-21         3.ñ

+13x

dx            4.ñ
-32x

dx
       5. dxe x

ñ
+144     

6. dxxñ - )53sin(  7.ñ
x

dx

3cos2
 

 

ʊʘʧʩʳʨʤʘ 5.  ɸʥʳץʪʘʣʤʘסʘʥ  ʠʥʪʝʛʨʘʣʜʳ ʪʘʙʫ ʢʝʨʝʢ:    

 

1.   y = 8x/(x
2
 ï 6)   2.  y = 15x

4
/(ïx

5
 + 8)    

3.   y = 4x/(ïx
2
 ï 1)       4.  y = 14x/(ïx

2
 + 2) 

5.   y = 6 sin x/(2 cos x ï 7)  6.  y = 12 sin x/(5 ï 4 cos x)  

7.   y = ï30 e 
x 
/ (2 e

x
 + 3)      8.  y = 30 e 

x
/ (6 ï 5 e

x
) 

 

ʊʘʧʩʳʨʤʘ 6.  ɸʥʳץʪʘʣʤʘסʘʥ  ʠʥʪʝʛʨʘʣʜʳ ʪʘʙʫ ʢʝʨʝʢ:    

1. 2

2

1

x
dx

x -ñ   2.ñ
+ 6

5

7 x

dxx
    3. dx

x
ñ
-2

1     4.ñ
+ x

xdx

sin43

cos
  5.

ñ
+-

-

23

)1(
3

2

xx

dxx   6. dx
x
ñ
-34

2      7.ñ
+ 232 x

xdx                   8.ñ
+-

-

72

)1(
2 xx

dxx
   

 

ʊʘʧʩʳʨʤʘ 7.  ɸʥʳץʪʘʣʤʘסʘʥ  ʠʥʪʝʛʨʘʣʜʳ ʪʘʙʫ ʢʝʨʝʢ:    

 

1. xdxx cosñÖ     2. ñ xdxx ln3       

3. dxʝx ʭ)23(ñ -       4. dxex x
ñ Ö+)14(  

5. dxxx )12sin( -Öñ         6. xdxx cos)1(ñ Ö-  

7.  ñ(7x ï 2) sin x dx   8.  ñ(4x + 5) sin x dx 

 

9.  ñ(9x ï 4) cos x dx    10. ñ(8x + 6) cos x dx  
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11. ñ(7x ï 4) e
x
 dx            12. ñ(5x + 1) e

x
 dx 

 

 

 

8 ʪʘץʳʨʳʧ ɹᴇʣʰʝʢ ʨʘʮʠʦʥʘʣ ʞᴅʥʝ ʠʨʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷʣʘʨʜʳ 

ʠʥʪʝʛʨʘʣʜʘʫ 

 

ʄʘϨʩʘʪ: ɹᴇʣʰʝʢ ʨʘʮʠʦʥʘʣ ʞᴅʥʝ ץʘʨʘʧʘʡʳʤ ʠʨʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷʣʘʨʜʳ 

ʠʥʪʝʛʨʘʣʜʘʫ ʞʦʣʜʘʨʳʥ װʡʨʝʪʫ. 

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ:  
1. ɹᴇʣʰʝʢ ʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷʣʘʨʜʳ ʠʥʪʝʛʨʘʣʜʘʫ. 

 .ʘʨʘʧʘʡʳʤ ʠʨʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷʣʘʨʜʳ ʠʥʪʝʛʨʘʣʜʘʫפ .2

 

ɹᴇʣʰʝʢ ʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷ ʥʝʤʝʩʝ ʞᴅʡ סʘʥʘ ʨʘʮʠʦʥʘʣ ʙᴇʣʰʝʢ ʜʝʧ ʝʢʽ 

ʢᴇʧʤװʰʝʥʽש ʤʳʥʘ     
( )

( )
( )

m

n

Q x
R x

P x
=    ʪװʨʜʝʛʽ ץʘʪʳʥʘʩʳʥ ʘʡʪʘʜʳ. ʄײʥʜʘסʳ ( )mQ x  

ʢᴇʧʤװʰʝ m ʜᴅʨʝʞʝʣʽ, ʘʣ ( )nP x  ʢᴇʧʤװʰʝʩʽ n ʜᴅʨʝʞʝʣʽ. ɹײʣ ʞʝʨʜʝ ʝʛʝʨ m n²  ʙʦʣʩʘ, 

ʦʥʜʘ ʙᴇʣʰʝʢʪʽ ʙײʨʳʩ, ʘʣ m<n ʙʦʣʩʘ, ʦʥʜʘ ʙᴇʣʰʝʢʪʽ ʜײʨʳʩ ʜʝʡʜʽ. ɹײʨʳʩ ʙᴇʣʰʝʢʪʽ 

ᴅʨ ʫʘץʳʪʪʘ ʜײʨʳʩ ʙᴇʣʰʝʢʢʝ ʢʝʣʪʽʨʫʛʝ ʙʦʣʘʜʳ. ʆʣ װʰʽʥ ʦʥʳש ʙװʪʽʥ ʙᴇʣʽʛʽʥ ʙᴇʣʽʧ 

ʰʳסʘʨʫ ʢʝʨʝʢ. 

    ʉʦʥʳʤʝʥ, ʨʘʮʠʦʥʘʣ ʙᴇʣʰʝʢʪʽ ʠʥʪʝʛʨʘʣʜʘʫ ʜʝʛʝʥʽʤʽʟ ʜײʨʳʩ ʙᴇʣʰʝʢʪʽ 

ʠʥʪʝʛʨʘʣʜʘʫסʘ ʢʝʣʪʽʨʝʜʽ ʝʢʝʥ. ʄʳʥʘ ʪװʨʜʝʛʽ 

 

   

2 2

1. ; 2. , ( 2,3,...);
( )

3. ; 4. , ( 2,...)
( )

n

n

A A
n

x a x a

Ax B Ax B
n

x px q x px q

=
° °

+ +
=

+ + + +

 

 

ʙᴇʣʰʝʢʪʝʨʜʽ Ϩʘʨʘʧʘʡʳʤ ʙϺʣʰʝʢʪʝʨ ʜʝʧ ʘʪʘʡʜʳ. ʄײʥʜʘסʳ A,B,a,p,q,n ï ʥʘץʪʳ 

ʩʘʥʜʘʨ. 

ʂʝʟ ʢʝʣʛʝʥ ʜײʨʳʩ ʨʘʮʠʦʥʘʣ ʙᴇʣʰʝʢʪʽ ʦʩʳ ץʘʨʘʧʘʡʳʤ ʙᴇʣʰʝʢʪʝʨʜʽש 

ʩʘʥʘʫʣʳ ץʦʩʳʥʜʳʣʘʨʳʥʘ ʞʽʢʪʝʫʛʝ ʙʦʣʘʜʳ. ɽʥʜʝʰʝ ʨʘʮʠʦʥʘʣ ʙᴇʣʰʝʢʪʽ 

ʠʥʪʝʛʨʘʣʜʘʫ ʦʩʳ ץʘʨʘʧʘʡʳʤ ʙᴇʣʰʝʢʪʝʨʜʽ ʠʥʪʝʛʨʘʣʜʘʫסʘ ʢʝʣʪʽʨʝʜʽ ʝʢʝʥ.  

ɽʥʜʽ ʦʩʳ ץʘʨʘʧʘʡʳʤ ʙᴇʣʰʝʢʪʝʨʜʽש ᴅʨץʘʡʩʳʩʳʥ ץʘʣʘʡ ʠʥʪʝʛʨʘʣʜʘʫ 

ʢʝʨʝʢʪʽʛʽʥʝ ʪʦץʪʘʣʘʡʳץ: 

1

2

( )
1. ln ;

( ) ( )
2. ( ) ( ) ;

( ) ( ) 1

3.

n
n

n n

A d x a
dx A A x a C

x a x a

A d x a x a
dx A A x a d x a A C

x a x a n

Ax B
dx

x px q

-
-

°
= = Ö ° +

° °

° °
= = ° ° = +

° ° -

+

+ +

ñ ñ

ñ ñ ñ

ñ
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ʪװʨʽʥʜʝʛʽ ʠʥʪʝʛʨʘʣʜʘ ʝʛʝʨ ʙᴇʣʰʝʢʪʽש ʘʣʳʤʳ ʙᴇʣʽʤʽʥʽש ʪʫʳʥʜʳʩʳ ʙʦʣʩʘ, ʦʥʜʘ 

ʠʥʪʝʛʨʘʣ ʢʝʩʪʝ ʪװʨʽʥʝ ʢʝʣʝʜʽ. ɸʣ ʙᴇʣʰʝʢʪʽש ʘʣʳʤʳ ʙᴇʣʽʤʽʥʽש ʪʫʳʥʜʳʩʳ 

ʙʦʣʤʘʩʘ, ʦʥʜʘ ʙᴇʣʽʤʽʥʽש ʪʫʳʥʜʳʩʳʥ ʙᴇʣʽʧ ʘʣʘʪʳʥʜʘʡ ʝʪʽʧ ʪװʨʣʝʥʜʽʨʫ ʢʝʨʝʢ. 

ʉʦʥʜʘ ʙʝʨʽʣʛʝʥ ʠʥʪʝʛʨʘʣ ʝʢʽ ʠʥʪʝʛʨʘʣʜʳץ שʦʩʳʥʜʳʩʳ ʪװʨʽʥʝ ʢʝʣʝʜʽ, ʦʥʳש ʙʽʨʝʫʽ 

ʙʽʨʜʝʥ ʠʥʪʝʛʨʘʣʜʘʥʘʜʳ, ʘʣ ʝʢʽʥʰʽʩʽ ʘʣʜʳסשʳ ץʘʨʘʩʪʳʨסʘʥ ʠʥʪʝʛʨʘʣסʘ ʢʝʣʝʜʽ. 

4-ʪװʨʜʝʛʽ ʠʥʪʝʛʨʘʣʜʘ ʜʘ ʦʩʳʥʜʘʡ ʪװʨʣʝʥʜʽʨʫ ʞװʨʛʽʟʽʧ, ʠʥʪʝʛʨʘʣʜʳ ʝʢʽ ʠʥʪʝʛʨʘʣ 

 .ʦʩʳʥʜʳʩʳʥʘ ʞʽʢʪʝʡʤʽʟץ

   ʄʳʩʘʣ.  2 2 2 2

2

2

1
(2 2)

1 1 2 6 8 1 (2 6)2

6 25 6 25 2 6 25 2 6 25

1 1 3
8 ln( 6 25) .

2 6 25 2 4

x
x x x dx

dx dx dx
x x x x x x x x

dx x
x x arctg C

x x

-
- + - +

= = = -
+ + + + + + + +

+
- Ö = + + - +

+ +

ñ ñ ñ ñ

ñ

 

      

 ʊᴅʫʝʣʩʽʟ ʘʡʥʳʤʘʣʳʥʳש ʥʝʤʝʩʝ ʦʥʳץ שʘʡʩʳ ʙʽʨ ᴇʨʥʝʛʽ ʙᴇʣʰʝʢ ʜᴅʨʝʞʝʜʝ 

ʙʦʣʘʪʳʥ ʬʫʥʢʮʠʷʥʳ ʠʨʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʡʜʳ. ɹײʣ ʬʫʥʢʮʠʷʣʘʨʜʳ 

ʠʥʪʝʛʨʘʣʜʘʫ װʰʽʥ ʦʣʘʨʜʳ ʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷסʘ ʢʝʣʪʽʨʫ ʢʝʨʝʢ. ʉʦʥʜʳץʪʘʥ ʜʘ 

ʙʝʨʽʣʛʝʥ ʠʨʨʘʮʠʦʥʘʣ ᴇʨʥʝʢʪʽ ʨʘʮʠʦʥʘʣʜʘʫ װʰʽʥ ʘʡʥʳʤʘʣʳʥʳ ʘʣʤʘʩʪʳʨʫ ץʘʞʝʪ. 

ʆʩʳ ʞʘסʜʘʡʣʘʨʜʳש ʢʝʡʙʽʨ ץʘʨʘʧʘʡʳʤ ʪװʨʣʝʨʽʥ ץʘʨʘʩʪʳʨʘʡʳץ: 

1) ʀʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ʬʫʥʢʮʠʷʜʘ ʪᴅʫʝʣʩʽʟ ʘʡʥʳʤʘʣʳ ʭ ʙᴇʣʰʝʢ ʜᴅʨʝʞʝʜʝ 

ʙʦʣʳʧ ʢʝʣʝʜʽ, ʷסʥʠ ( , , ,...)
l s

k mR x x x dxñ . 

ɹײʣ ʞʘסʜʘʡʜʘ , ,...
l s

k m
 ʙᴇʣʰʝʢʪʝʨʜʽש ʦʨʪʘץ ʙᴇʣʽʤʽ n ʙʦʣʩʘ, ʦʥʜʘ nx z=  

ʘʣʤʘʩʪʳʨʫʳʥ ʞʘʩʘʧ, ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ʠʨʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷʥʳ ʨʘʮʠʦʥʘʣ 

ʪװʨʛʝ ʢʝʣʪʽʨʝʤʽʟ. ɸʣʤʘʩʪʳʨʫʜʘʥ 1ndx nz dz-= . ʆʩʳ ʭ-ʪʽש ʤᴅʥʽʥ ʞᴅʥʝ dx-ʪʽש ʤᴅʥʽʥ 

ʙʝʨʽʣʛʝʥ ʠʥʪʝʛʨʘʣסʘ ʘʧʘʨʳʧ ץʦʷʤʳʟ. ʉʦʥʜʘ ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ʞʘשʘ ʬʫʥʢʮʠʷ 

ʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷ ʙʦʣʘʜʳ, ʘʣ ʦʥʳ ʠʥʪʝʛʨʘʣʜʘʫʜʳ ʙʽʣʝʤʽʟ. 

2) ʀʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘ ʩʳʟʳץʪʳץ ax+b ʪװʨʽʥʜʝʛʽ ʝʢʽ ʤװʰʝ ʙᴇʣʽʥʜʽʩʽ ʙᴇʣʰʝʢ 

ʜᴅʨʝʞʝʩʽʥʜʝ ʙʦʣʩʘ, ʷסʥʠ ; ; ;...

l s

k max b ax b
R x dx

cx d cx d

å õ
+ +å õ å õæ ö

æ ö æ öæ ö+ +ç ÷ ç ÷
ç ÷

ñ . 

ɹײʣ ʞʘסʜʘʡʜʘ ʜʘ , ,...
l s

k m
 ʙᴇʣʰʝʢʪʝʨʜʽש ʦʨʪʘץ ʙᴇʣʽʤʽ n-ʜʽ ʪʘʫʳʧ, ʙᴇʣʰʝʢʪʽ ʞʘשʘ z 

ʘʡʥʳʤʘʣʳʩʳʤʝʥ ʘʣʤʘʩʪʳʨʘʤʳʟ:   nax b
z

cx d

+
=

+
. ɹײʜʘʥ  

1

2
,

( )

n
n

n n

dz b ad bc
x dx n z dz

a cz a cz

-- -
= = Ö Ö
- -

 ʪʘʫʳʧ, ʦʩʳʣʘʨʜʳ ʠʥʪʝʛʨʘʣסʘ ʘʧʘʨʳʧ ץʦʡʳʧ, 

ʳץʰʘʤʜʘסʘʥ ʩʦש, ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ʬʫʥʢʮʠʷ ʨʘʮʠʦʥʘʣ ʙʦʣʳʧ ʰʳסʘʜʳ. 

 

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  
1.ʈʘʮʠʦʥʘʣ ʙᴇʣʰʝʢʪʝʨʜʽ ʠʥʪʝʛʨʘʣʜʘʫ ʞʦʣʳ.  

2.ʀʨʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷʣʘʨ ʜʝʧ ץʘʥʜʘʡ ʬʫʥʢʮʠʷʣʘʨʜʳ ʘʡʪʘʜʳ? 

3.ʀʨʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷʣʘʨʜʳ ʠʥʪʝʛʨʘʣʜʘʫ ʞʦʣʳ ץʘʥʜʘʡ? 
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ɾʘʪʪʳϤʫʣʘʨ: 

 

ʊʘʧʩʳʨʤʘ 1.   

 ʘ) ;
4

)3(

2ñ
-

+

x

dxx
  ʙ) ;

1625 4ñ+ x

xdx
  ʚ) ;

ln

1ln
ñ

-
dx

xx

x
 

ʜ) ;
43

ñ dxex x    ʝ) ;
85

)14(
2ñ ++

+

xx

dxx
   ʞ) ;

78
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2ñ ++

-

xx

dxx
   

ʟ) ;
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1
2

2

ñ +

+-
dx

xx
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      ʢ) ;

1 4ñ+
dx

x

x
 

 

ʊʘʧʩʳʨʤʘ 2.   

ʘ) ;2 43

ñ + dxxx   ʙ) ;
53 2ñ- x

dx
   ʚ) ;

2516 2ñ+ x

dx
 

ʝ) ;
322ñ ++ xx

dx
    ʞ) ;

32

)1(

2ñ ++

-

xx

dxx
  ʟ) ;

652

2

ñ ++ xx

dxx
  ʠ) ;

11 3ñ ++ x

dx
 

 ʊʘʧʩʳʨʤʘ 3.   

ʘ) ;
3 2

2

ñ
+

dx
x

xx
  ʙ) ;

2

3
2

2

ñ +x

dxx
   ʚ) ;

4 2ñ
-x

xdx
 

ʛ) ;
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+ x

x

e

dxe
    ʞ) ;
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)1(
2ñ +-

+

xx

dxx
  ʟ) ;
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ʊʘʧʩʳʨʤʘ 4.   
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1

2

3 2

ñ öö
÷
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x  ʙ) ;
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-
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ʊʘʧʩʳʨʤʘ 5.   

 ʘ) ;
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ñ
- dxex x   ʙ) ;

2 2ñ
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xdx
   ʜ) ;
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)32(
2ñ +-
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ʊʘʧʩʳʨʤʘ 6.   

 ʘ) ;933

ñ - dxee xx  ʙ) ;
42ñ +x

xdx
   ʛ) ;

222ñ +

+
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bxa

bax
   ʝ) ;
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 ʞ) ;
3

)3(
23ñ +

-

xx

dxx
  ʟ) ;

432ñ -+ xx

xdx
  ʠ) ;

14 3ñ +x

dxx
 

     

ʊʘʧʩʳʨʤʘ 7.   

 ʘ) ;1 32

ñ - dxxx   ʙ) ;
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2

ñ+bxa
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ʜ) ;
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       ʞ) ;
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ʊʘʧʩʳʨʤʘ 8.   
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ʊʘʧʩʳʨʤʘ 9.   
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-+
dx

xx

xx
 

 

9 ʪʘץʳʨʳʧ  ʊʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʬʫʥʢʮʠʷʣʘʨʜʳ ʠʥʪʝʛʨʘʣʜʘʫ 

 

ʄʘϨʩʘʪ:  ʊʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʬʫʥʢʮʠʷʣʘʨʜʳ ʠʥʪʝʛʨʘʣʜʘʫ ʞʦʣʜʘʨʳʥ װʡʨʝʪʫ. 

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ: 
ʊʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʬʫʥʢʮʠʷʣʘʨʜʳ ʠʥʪʝʛʨʘʣʜʘʫ. 

 

ʊʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʬʫʥʢʮʠʷʣʘʨʜʳ ʠʥʪʝʛʨʘʣʜʘʫʜʘ ʤʳʥʘ ʪװʨʜʝʛʽ ʬʫʥʢʮʠʷʣʘʨʜʳ 

 :ʘʨʘʩʪʳʨʘʤʳʟץ

1.  sin cosm nx xdxÖñ , ʤײʥʜʘסʳ m,n- ʙװʪʽʥ ʩʘʥʜʘʨ.         (1) 

   ɹײʣ ʠʥʪʝʛʨʘʣʜʳ ʪʘʙʫʜʘ ʝʢʽ ʪװʨʣʽ ʜʝʨʙʝʩ ʞʘסʜʘʡʣʘʨ ʙʦʣʫʳ ʤװʤʢʽʥ: 

1) ʝʛʝʨ m- ʪʘץ ʞᴅʥʝ ʦש ʩʘʥ ʙʦʣʩʘ, ʦʥʜʘ cosx= z ʘʫʳʩʪʳʨʫʳʥ ʞʘʩʘʡʤʳʟ; 

2) ʝʛʝʨ n- ʪʘץ ʞᴅʥʝ ʦש ʩʘʥ ʙʦʣʩʘ, ʦʥʜʘ sinx=z ʘʫʳʩʪʳʨʫʳʥ ʞʘʩʘʡʤʳʟ. ʉʦʥʳʤʝʥ 

ʙʽʨʛʝ, ʙײʣ ʞʘסʜʘʡʣʘʨʜʘ 2 2sin cos 1x x+ = ʬʦʨʤʫʣʘʩʳʥ ʧʘʡʜʘʣʘʥʘʤʳʟ. 

2.  (1) ʠʥʪʝʛʨʘʣʜʘסʳ m,n ʝʢʝʫʽ ʜʝ ʞײʧ ʩʘʥʜʘʨ (ʙʽʨʽ ʥᴇʣ ʙʦʣʫʳ ʜʘ ʤװʤʢʽʥ) ʙʦʣסʘʥ 

ʞʘסʜʘʡʜʘ ʪʨʠʛʦʥʦʤʝʪʨʠʷʥʳש ʤʳʥʘ  
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2 21 cos2 1 cos2 1
sin ; cos ; sin cos sin 2

2 2 2

x x
x x x x x
- +

= = Ö =  

ʬʦʨʤʫʣʘʣʘʨʳʥ ʧʘʡʜʘʣʘʥʘʜʳ. 

3.  (1) ʠʥʪʝʛʨʘʣʜʘסʳ m,n ʩʘʥʜʘʨʳ ʞײʧ ʞᴅʥʝ ʝש ʙʦʣʤʘסʘʥʜʘ ʙʽʨʝʫʽ ʪʝʨʽʩ ʩʘʥ ʙʦʣʩʘ, 

ʦʥʜʘ tgx=z ʥʝʤʝʩʝ ctgx=z ʘʫʳʩʪʳʨʫʳʥ ʞʘʩʘʡʜʳ. 

4.  ɽʥʜʽ sin cos ; sin sin ; cos cosmx nxdx mx nxdx mx nxdxÖ Ö Öñ ñ ñ , ʷסʥʠ ᴅʨ ʪװʨʣʽ ʘʨʛʫʤʝʥʪʪʽ 

ʩʠʥʫʩʪʘʨ ʤʝʥ ʢʦʩʠʥʫʩʪʘʨʜʳש ʠʥʪʝʛʨʘʣʳʥ ʪʘʙʘʤʳʟ. ʆʣ װʰʽʥ ʪʨʠʛʦʥʦʤʝʪʨʠʷʥʳש 

ʤʳʥʘ  

[ ]

[ ]

[ ]

1
sin sin cos( ) cos( ) ,

2

1
cos cos cos( ) cos( ) ,

2

1
sin cos sin( ) sin( )

2

mx nx m n x m n x

mx nx m n x m n x

mx nx m n x m n x

Ö = - - +

Ö = - + +

Ö = - + +

 

ʬʦʨʤʫʣʘʣʘʨʳ ץʦʣʜʘʥʳʣʘʜʳ. 

5.  (sin ,cos ) ,R x x dxñ  ʤײʥʜʘסʳ (sin ,cos )R x x- ʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷʣʘʨ ʙʦʣʳʧ ʩʘʥʘʣʘʜʳ. 

ɹײʣ ʞʘסʜʘʡʜʘ  ʙʝʨʽʣʛʝʥ ʠʥʪʝʛʨʘʣ ᴅʤʙʝʙʘʧ ʜʝʧ ʘʪʘʣʘʪʳʥ 

2

x
tg z=  

ʘʫʳʩʪʳʨʫʳ ʘʨץʳʣʳ ʨʘʮʠʦʥʘʣ ʬʫʥʢʮʠʷʥʳש ʠʥʪʝʛʨʘʣʳʥʘ ʢʝʣʪʽʨʽʣʝʪʽʥ ʙʦʣʘʜʳ. 

ɹײʣ ʞʘסʜʘʡʜʘ ʤʳʥʘ ʬʦʨʤʫʣʘʣʘʨ ץʦʣʜʘʥʳʣʘʜʳ: 
2

2 2 2

2 1 2
sin ; cos ; 2 ,

1 1 1

z z dz
x x x arctgz dx

z z z

-
= = = =
+ + +

. 

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  
1. ʊʨʠʛʦʥʦʤʝʪʨʠʷʣʳץ ʬʫʥʢʮʠʷʣʘʨʜʳ ʠʥʪʝʛʨʘʣʜʘʫ ʞʦʣʜʘʨʳ ץʘʥʜʘʡ? 

2. ᴄʤʙʝʙʘʧ ʘʫʳʩʪʳʨʫ ʜʝʧ ʥʝʥʽ ʘʡʪʘʤʳʟ? 

 

ɾʘʪʪʳϤʫʣʘʨ: 

 

ʊʘʧʩʳʨʤʘ 1 

ɸʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʝʩʝʧʪʝ: 

1. ñ[6 sin(2x) ï 8 cos(ïx/2)]dx 2. ñ[8 sin(ï8x) ï 8 cos(x/8)]dx   

3. ñ[9 sin(3x) ï 3 cos(ïx/3)]dx 4. ñ[ï3 sin(ï3x) ï 9 cos(x/3)]dx 

5. ñ[12 sin(ï2x) ï 2 cos(x/2)]dx 6. ñ[12 sin(4x) + 8 cos(ïx/4)]dx 

 

ʊʘʧʩʳʨʤʘ 2 

ɸʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʝʩʝʧʪʝ: 

1. ʘ) ;dx cos sin 42

ñ xx      ʢ) ;sin3x sin7x ñ dx   ʠ) ; xcos sin 22

ñ dxx  

ʠ) ;dxx cosx sin 23

ñ    ;x cosx sin 43

ñ dx    ʠ) ;cos3

ñ xdx  

) ;sin5

ñ xdx    ʠ) ;
sin

cos
2

3

ñ x

xdx
   ʢ) ;4 43

ñ - dxxx  
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ʠ) ;cos4

ñ xdx     ʢ) ;
102

25
2ñ ++

+
dx

xx

x
 ʠ) ;cos5

ñ xdx     ʢ) ;
1

ñ
+xx

dx
 

      ʢ) ;cos2sin 22

ñ xdxx     ʢ) ;sincos5ñ - xdxx  ʠ) ;5cos2cosñ xdxx  

    ʢ) ;3cos3sin 22

ñ xdxx     ʢ) ;cossin 32

ñ xdxx     ʢ) ;cossin 24

ñ xdxx  

ʠ) ;5sin4sinñ xdxx     ʢ) ;
4 2ñ
-xx

dx
 ʝ) ;2sinsin3

ñ xdxx  

 ʢ) ;2cos3sinñ xdxx   ʢ) ;
4

1
3

2

ñ +

-+
dx

xx

xx
 

 

 

10 ʪʘץʳʨʳʧ  ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣ, ץʘʩʠʝʪʪʝʨʽ. ʅʴʶʪʦʥ-ʃʝʡʙʥʠʮ 

ʬʦʨʤʫʣʘʩʳ 

 

ʄʘϨʩʘʪ: ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣ סײʳʤʳʥ, ʘʥʳץʪʘʤʘʩʳʥ, ץʘʩʠʝʪʪʝʨʽʥ ʙʽʣʫ. 

ʅʴʶʪʦʥ-ʃʝʡʙʥʠʮ ʬʦʨʤʫʣʘʩʳ.  

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ: 
1. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣסʘ ʢʝʣʪʽʨʝʪʽʥ ʝʩʝʧʪʝʨ; 

2. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳש ʘʥʳץʪʘʤʘʩʳ; 

3. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳץ שʘʩʠʝʪʪʝʨʽ; 

4. ʅʴʶʪʦʥ-ʃʝʡʙʥʠʮ ʬʦʨʤʫʣʘʩʳ; 

 

ʄʝʢʪʝʧ ʙʘסʜʘʨʣʘʤʘʩʳʥʘʥ ʢʝʟ ʢʝʣʛʝʥ ץʠʩʳץʧʝʥ ʰʝʢʪʝʣʛʝʥ ʞʘʟʳץ 

ʬʠʛʫʨʘʥʳש ʘʫʜʘʥʳʥ ʪʘʙʫʜʳ ʙʽʣʝʤʽʟ. ɾʦסʘʨסʳ ʞʘסʳʥʘʥ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש 

ʛʨʘʬʠʛʽʤʝʥ, ʪᴇʤʝʥʛʽ ʞʘסʳʥʘʥ ʆʍ ᴇʩʽʥʽש [ ];a b  ʢʝʩʽʥʜʽʩʽʤʝʥ, ʘʣ ʝʢʽ ʞʘסʳʥʘʥ x=a 

ʞᴅʥʝ x=b ʪװʟʫʣʝʨʽʤʝʥ ʰʝʢʪʝʣʛʝʥ ʬʠʛʫʨʘʥʳש ʘʫʜʘʥʳʥ ʪʘʙʫ װʰʽʥ ʙײʣ ץʠʩʳץ 

ʩʳʟʳץʪʳ ʪʨʘʧʝʮʠʷʥʳ ʧ ʙᴇʣʽʢʢʝ, ʷסʥʠ ʢʽʰʢʝʥʝ ʪʽʢ ʪᴇʨʪʙײʨʳʰʪʘʨסʘ ʙᴇʣʝʤʽʟ. ʆʩʳ 

ʪʽʢ ʪᴇʨʪʙײʨʳʰʪʘʨʜʳש ʘʫʜʘʥʜʘʨʳʥʳץ שʦʩʳʥʜʳʩʳʥʳש ʰʝʛʽ ʽʟʜʝʣʽʥʜʽ ʘʫʜʘʥʜʳ 

ʙʝʨʝʜʽ, ʷסʥʠ 
0

1

( )
n

i i

i

S Lim f x
l

x


=

= ÖDä ,  ʤײʥʜʘסʳ l-ʙᴇʣʽʢʪʝʨʜʽײ שʟʳʥʜʳץʪʘʨʳʥʳש ʝש 

 .ʣʢʝʥʽװ

ʆʩʳ ʩʠʷץʪʳ ʩʪʝʨʞʝʥʥʽש ʤʘʩʩʘʩʳʥ ʘʥʳץʪʘʫ, ʘʡʥʳʤʘʣʳ ʢװʰʪʽש ʞײʤʳʩʳʥ 

ʪʘʙʫ ʝʩʝʧʪʝʨʽ ץʦʩʳʥʜʳʥʳש ʰʝʛʽʥ ʪʘʙʫסʘ ᴅʢʝʣʝʜʽ. 

ɾʦסʘʨʳʜʘסʳ ʘʡʪʳʣסʘʥ ʝʩʝʧʪʝʨʜʝʥ ʘʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣ סײʳʤʳʥʘ ʢʝʣʝʤʽʟ. 

ɸʥʳϨʪʘʤʘ. [ ];a b  ʘʥʳץʪʘʣסʘʥ ʞᴅʥʝ װʟʽʣʽʩʩʽʟ ( )y f x=  ʬʫʥʢʮʠʷʩʳʥ ץʘʨʘʩʪʳʨʘʡʳץ. 

ʆʩʳ ʘʨʘʣʳץʪʳ ʧ ʙᴇʣʽʢʢʝ ʙᴇʣʝʤʽʟ. ᴄʨʙʽʨ ʙᴇʣʽʢʪʝʥ ʢʝʟ ʢʝʣʛʝʥ ix ʥװʢʪʝʩʽʥ ʘʣʘʤʳʟ. 

ʉᴇʡʪʽʧ, ʬʫʥʢʮʠʷʥʳש ( )if x  ʤᴅʥʽʥ ʝʩʝʧʪʝʡʤʽʟ ʜʝ,  

1

1

( ) , ( )
n

i i i i i

i

f x x x xs x +

=

= ÖD D = -ä  ʦʩʳʥʜʳʥʳץ ʣײʨʘʤʳʟ. ɹײץ ʦʩʳʥʜʳʩʳʥץ    ,

ʠʥʪʝʛʨʘʣʜʳϨ Ϩʦʩʳʥʜʳ ʜʝʧ ʘʪʘʡʜʳ. ɽʛʝʨ max 0ixl= D  ʘʥʜʘ sסʤʪʳʣײ 

ʠʥʪʝʛʨʘʣʜʳץ ץʦʩʳʥʜʳʥʳש ʰʝʛʽ ʙʘʨ ʙʦʣʩʘ, ʦʥʜʘ ʙײʣ ʰʝʢʪʽ f(x) ʬʫʥʢʮʠʷʩʳʥʘʥ 
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(a;b) ʘʨʘʣʳסʳ ʙʦʡʳʥʰʘ ʘʣʳʥסʘʥ ʘʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣ ʜʝʧ ʘʪʘʡʜʳ ʞᴅʥʝ ʦʥʳ 

ʙʳʣʘʡ ʙʝʣʛʽʣʝʡʜʽ: 

( )

b

a

I f x dx=ñ , 

ʤײʥʜʘסʳ a-ʠʥʪʝʛʨʘʣʜʳש ʪᴇʤʝʥʛʽ ʰʝʛʽ, b-ʠʥʪʝʛʨʘʣʜʳש ʞʦסʘʨסʳ ʰʝʛʽ, f(x)-

ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ʬʫʥʢʮʠʷ, f(x)dx- ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ ᴇʨʥʝʢ ʜʝʧ ʘʪʘʣʘʜʳ. 

 

ɸʥʳϨʪʘʣϤʘʥ ʠʥʪʝʛʨʘʣʜʳϬ Ϩʘʩʠʝʪʪʝʨʽ 

1.  
( ) ( ) , ;

b b

a a

c f x dx c f x dx c constÖ = =ñ ñ  

2.  [ ]1 2 1 2( ) ( ) ( ) ( ) ;

b b b

a a a

f x f x dx f x dx f x dx° = °ñ ñ ñ   

3. ɽʛʝʨ [ ][ ][ ]; ; ;a b a c c b= Ç  ʙʦʣʩʘ, ʦʥʜʘ  ( ) ( ) ( ) ;

b c b

a a c

f x dx f x dx f x dx= +ñ ñ ñ  

4. ɽʛʝʨ [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ ( ) 0f x ²  ʙʦʣʩʘ, ʦʥʜʘ  ( ) 0;

b

a

f x dx²ñ  

5.  ( ) ( ) ;

b a

a b

f x dx f x dx=-ñ ñ  

6.  ( ) 0;

a

a

f x dx=ñ  

ʆʨʪʘ ʤϸʥ ʪʫʨʘʣʳ ʪʝʦʨʝʤʘ. ɽʛʝʨ ( )y f x=  ʬʫʥʢʮʠʷʩʳ [ ];a b  ʢʝʩʽʥʜʽʩʽʥʜʝ װʟʽʣʽʩʩʽʟ 

ʙʦʣʩʘ, ʦʥʜʘ ʦʩʳ ʢʝʩʽʥʜʽʜʝ ʙʽʨ x x=  ʥװʢʪʝʩʽ ʪʘʙʳʣʳʧ, 

( ) ( ) ( )

b

a

f x dx f b ax= Ö -ñ  

ʪʝשʜʽʛʽ ʦʨʳʥʜʘʣʘʪʳʥ ʙʦʣʘʜʳ. 

ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʝʩʝʧʪʝʫʜʝ ʅʴʶʪʦʥ-ʃʝʡʙʥʠʮ ʬʦʨʤʫʣʘʩʳ ʜʝʧ ʘʪʘʣʘʪʳʥ 

ʬʦʨʤʫʣʘ ץʦʣʜʘʥʳʣʘʜʳ, ʦʣ ʤʳʥʘʜʘʡ: 

( ) ( ) ( )( )
b b

a
a

f x dx F b F aF x= = -ñ . 

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  
1. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣ סײʳʤʳʥʘ ʢʝʣʪiʨʝʪiʥ ʝʩʝʧ ץʘʥʜʘʡ?  

2. ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש [ ];a b  ʢʝʩiʥʜiʩiʥʜʝ ʠʥʪʝʛʨʘʣʜʳץ ץʦʩʳʥʜʳʩʳ ʜʝʧ ʥʝ 

ʘʪʘʣʘʜʳ?  

3. ( )y f x=  ʬʫʥʢʮʠʷʩʳʥʳש [ ];a b  ʢʝʩiʥʜiʩiʥʜʝ ʘʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʳ ʜʝʧ ʥʝ 

ʘʪʘʣʘʜʳ? 

4. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳש ʥʝʛiʟʛi ץʘʩʠʝʪʪʝʨiʥ ʪײʞʳʨʳʤʜʘ.  

5. ʅʴʶʪʦʥ-ʃʝʡʙʥʠʮ ʬʦʨʤʫʣʘʩʳʥ ʞʘʟ.  
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11 ʪʘץʳʨʳʧ  ɸʥʳץʪʘʣʛʘʥ ʠʥʪʝʛʨʘʣʜʘʨʜʳ ʠʥʪʝʛʨʘʣʜʘʫ ᴅʜiʩʪepi 

 

ʄʘϨʩʘʪ: ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳש ʰʝʰʫ ʪᴅʩʽʣʜʝʨʽʥ ץʘʨʘʩʪʳʨʫ.   

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ: 
1. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʠʥʪʝʛʨʘʣʜʳ ʪʽʢʝʣʝʡ ʠʥʪʝʛʨʘʣʜʘʫ,  

2. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʘʡʥʳʤʘʣʳʥʳ ʘʣʤʘʩʪʳʨʫ ʘʨץʳʣʳ ʠʥʪʝʛʨʘʣʜʘʫ 

3. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʙᴇʣʽʢʪʝʧ ʠʥʪʝʛʨʘʣʜʘʫ 

 

ʉʦʥʳʤʝʥ, ʘʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʝʩʝʧʪʝʫ װʰʽʥ ʠʥʪʝʛʨʘʣ ʘʩʪʳʥʜʘסʳ 

ʬʫʥʢʮʠʷʥʳש ʘʣסʘʰץʳ ʬʫʥʢʮʠʷʩʳʥ ʪʘʙʫ ʞʝʪʢʽʣʽʢʪʽ ʙʦʣʜʳ. ɸʣ ʦʥʳ ʪʘʙʫ 

ʘʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣ ʙʦʣʘʪʳʥ. ɽʥʜʝʰʝ, ʘʥʳץʪʘʣʤʘסʘʥ  ʠʥʪʝʛʨʘʣʜʳ ʝʩʝʧʪʝʫʛʝ 

 ʦʣʜʘʥʳʣʘʪʳʥ ᴅʜʽʩʪʝʨ (ʪʽʢʝʣʝʡ ʠʥʪʝʛʨʘʣʜʘʫ, ʘʡʥʳʤʘʣʳʥʳ ʘʣʤʘʩʪʳʨʫ ʞᴅʥʝץ

ʙᴇʣʽʤʰʝʣʝʧ ʠʥʪʝʛʨʘʣʜʘʫ) ʘʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʘʨʜʳ ʜʘ ʝʩʝʧʪʝʫʛʝ 

ʧʘʡʜʘʣʘʥʳʣʘʪʳʥ ʙʦʣʘʜʳ. ʊʝʢ, ʘʡʥʳʤʘʣʳʥʳ ʘʣʤʘʩʪʳʨʫ ᴅʜʽʩʽʥ ץʦʣʜʘʥסʘʥʜʘ 

ʘʥʳץʪʘʣʤʘסʘʥ ʠʥʪʝʛʨʘʣʜʘ ʙײʨʳʥסʳ ʘʡʥʳʤʘʣʳסʘ ץʘʡʪʘ ʢᴇʰʫ ʢʝʨʝʢ ʙʦʣʩʘ, 

ʘʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʘ ʦʥʳ ʽʩʪʝʫʜʽץ שʘʞʝʪʽ ʞʦץ. ɸʣʤʘʩʪʳʨʫ ʙʦʡʳʥʰʘ ʞʘשʘ 

ʘʡʥʳʤʘʣʳʥʳש ʰʝʢʪʝʨʽʥ ʪʘʙʫ ʞʝʪʢʽʣʽʢʪʽ.  

ɸʡʥʳʤʘʣʳʥʳ ʘʫʳʩʪʳʨʫ. ɽʩʢʝʨʪʝ ʢʝʪʝʪʽʥ ʙʽʨ ʞʘסʜʘʡ: ʠʥʪʝʛʨʘʣʜʘʫ ʘʡʥʳʤʘʣʳʩʳʥ 

ʙʘʩץʘ ʙʽʨ ʪᴅʫʝʣʩʽʟ ʘʡʥʳʤʘʣʳʩʳʤʝʥ ʘʫʳʩʪʳʨסʘʥʥʘʥ ʘʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣ 

ᴇʟʛʝʨʤʝʡ ץʘʣʘʜʳ: 

( ) ( ) ( )

b b b

a a a

f x dx f y dy f z dz= =ñ ñ ñ 

ʊʝʦʨʝʤʘ. ɸʡʪʘʣʳץ, f(x) ʬʫʥʢʮʠʷʩʳ [ ],a b  ʩʝʛʤʝʥʪʽʥʜʝ װʟʜʽʢʩʽʟ ʙʦʣʩʳʥ. ɸʣ, 

( )x tj=  ʬʫʥʢʮʠʷʩʳʥʳש, [ ],a b ʩʝʛʤʝʥʪʽʥʜʝ װʟʜʽʢʩʽʟ ʪʫʳʥʜʳʩʳ ʙʘʨ ʙʦʣʩʳʥ ʞᴅʥʝ 

ʜʝ ( )a j a=  ʤʝʥ ( )b bj=  ʪʝשʜʽʢʪʝʨʽ ʦʨʳʥʜʘʣʩʳʥ. ʉʦʥʜʘ: 

/( ) ( ) ( )

b

a a

f x dx f t t dt

b

j j= Öñ ñ  

ɹϺʣʽʢʪʝʧ ʠʥʪʝʛʨʘʣʜʘʫ. ɽʛʝʨ ( )u u x=  ʞᴅʥʝ ( )v v x=  ʬʫʥʢʮʠʷʣʘʨʳ ( ),a b  

ʘʨʘʣʳסʳʥʜʘ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ʙʦʣʩʘ, ʦʥʜʘ,  
b b

b

a
a a

udv vduuv= -ñ ñ 

ɹײʣ ʬʦʨʤʫʣʘʥʳ ʘʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʙᴇʣʽʢʪʝʧ ʠʥʪʝʛʨʘʣʜʘʫ ʬʦʨʤʫʣʘʩʳ ʜʝʧ 

ʘʪʘʡʜʳ.  

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  
1. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣ ʪʫʨʘʣʳ סײʳʤ, ʘʥʳץʪʘʤʘʩʳ. 

2. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳץ שʘʩʠʝʪʪʝʨʽ ץʘʥʜʘʡ? 

3. ʅʴʶʪʦʥ-ʃʝʡʙʥʠʮ ʬʦʨʤʫʣʘʩʳ. 

4. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳ ʝʩʝʧʪʝʫ ᴅʜʽʩʪʝʨʽ. 

 

 

ɾʘʪʪʳϤʫʣʘʨ: 
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12 ʪʘץʳʨʳʧ  ɸʥʳʢʪʘʣʛʘʥ ʠʥʪʝʛʨʘʣʜʘʨʜʳץ שʦʣʜʘʥʳʣʫʣʘʨʳ 
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ʄʘϨʩʘʪ: ɻʝʦʤʝʪʨʠʷʣʳץ ʩʠʧʘʪʪʳ ʝʩʝʧʪʝʨʜi ʰʝʰʢʝʥʜʝ ʠʥʪʝʛʨʘʣʜʳץ ʝʩʝʧʪʝʫʣʝʨ 

ʘʧʧʘʨʘʪʳʥʳץ שʦʣʜʘʥʫ ʤװʤʢiʥʰiʣiʢʪʝʨiʥ ʢᴇʨʩʝʪʫ.  

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ: 
1. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳש ʛʝʦʤʝʪʨʠʷʣʳץ ʤʘסʳʥʘʩʳ  

2. ʆʭ,  ʆʫ ʦʩʴʪʝʨʽ ʘʨץʳʣʳ ʘʡʥʘʣʫʳʥʘʥ ʧʘʡʜʘ ʙʦʣסʘʥ ʜʝʥʝʥiש ʢᴇʣʝʤi 

3. ɼʦסʘʥʳײ שʟʳʥʜʳסʳ 

4. ʆʭ ʦʩiʥʝʥ ʘʡʥʘʣʫʳʥʘʥ ʧʘʡʜʘ ʙʦʣסʘʥ ʙʝʪʪiש ʘʫʜʘʥʳ 

 

ɽʛʝʨ װʟiʣiʩʩiʟ ץʠʩʳץ ʪiʢ ʙײʨʳʰʪʳ ʢʦʦʨʜʠʥʘʪʘʣʘʨʜʘ )(xfy=  ( 0)( ²xf ) 

ʪʝשʜʝʫiʤʝʥ ʙʝʨiʣʩʝ, ʦʥʜʘ ʦʩʳ ץʠʩʳץʧʝʥ, x=a,  x=b ʥװʢʪʝʣʝʨiʥʜʝʛi ʚʝʨʪʠʢʘʣʴ 

ʪװʟʫʣʝʨiʤʝʥ ʞᴅʥʝ ʘʙʩʮʠʩʩʘʣʘʨ ʦʩiʥiש bxa ¢¢  ʢʝʩiʥʜiʩiʤʝʥ ʰʝʢʪʝʣʛʝʥ ץʠʩʳץ 

ʩʳʟʳץʪʳ ʪʨʘʧʝʮʠʷʥʳש ʘʫʜʘʥʳ ñ=
b

a

dxxfS )(  ʬʦʨʤʫʣʘʤʝʥ ʘʥʳץʪʘʣʘʜʳ  

(ʘʥʳϨʪʘʣϤʘʥ ʠʥʪʝʛʨʘʣʜʳϬ ʛʝʦʤʝʪʨʠʷʣʳϨ ʤʘϤʳʥʘʩʳ). 

ɽʛʝʨ S ʘʫʜʘʥʳ ʝʢi װʟiʣiʩʩiʟ )(1 xfy= , )(2 xfy= ʥʜʘ bxaײʪʘʨʤʝʥ, ʤץʠʩʳץ  ¢¢  

ʙʦʣסʘʥʜʘ )()( 21 xfxf ¢  ʞᴅʥʝ x=a  ʞᴅʥʝ  x=b ʚʝʨʪʠʢʘʣʴʜʘʨʳʤʝʥ ʰʝʢʪʝʣʛʝʥ ʙʦʣʩʘ, 

ʦʥʜʘ [ ]ñ -=

b

a

dxxfxfS )()( 12  (6 ʩʫʨʝʪ).  

   

 

 

 

 

 

 

 

          ʘ                       b 

                    6 ʩʫʨʝʪ - ɽʢi װʟiʣiʩʩiʟ )(1 xfy= , )(2 xfy= ʪʘʨʤʝʥ, (bxaץʠʩʳץ  ¢¢  

ʙʦʣסʘʥʜʘ ) )()( 21 xfxf ¢  ʞᴅʥʝ x=a  ʞᴅʥʝ  x=b ʚʝʨʪʠʢʘʣʴʜʘʨʳʤʝʥ ʰʝʢʪʝʣʛʝʥ ʘʫʜʘʥ 

          

 0)( ²= xfy  ʟʫʣʝʨiʤʝʥװʳʤʝʥ ʞᴅʥʝ x=a,  x=b (a<b),  ʫ=0 ʪסʠʩʳץ ʟiʣiʩʩiʟװ 

ʰʝʢʪʝʣʛʝʥ ץʠʩʳץ ʩʳʟʳץʪʳ ʪʨʘʧʝʮʠʷʥʳש ʆʭ ʦʩiʥʝʥ ʘʡʥʘʣʫʳʥʘʥ ʧʘʡʜʘ ʙʦʣסʘʥ 

ʜʝʥʝʥiש ʢᴇʣʝʤi ʤʳʥʘסʘʥ ʪʝש:           ñ=
b

a

dxxfV )(2p . 

          0)( ²= ygx  ʟʫʣʝʨiʤʝʥװʳʤʝʥ ʞᴅʥʝ ʫ=a,  ʫ=b (a<b),  x=0 ʪסʠʩʳץ ʟiʣiʩʩiʟװ 

ʰʝʢʪʝʣʛʝʥ ץʠʩʳץ ʩʳʟʳץʪʳ ʪʨʘʧʝʮʠʷʥʳש ʆʫ ʦʩiʥʝʥ ʘʡʥʘʣʫʳʥʘʥ ʧʘʡʜʘ ʙʦʣסʘʥ 

ʜʝʥʝʥiש ʢᴇʣʝʤi ʤʳʥʘסʘʥ ʪʝש:  

ñ=
b

a

dyygV )(2p . 
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          )(xfy=  ʢʪʝʣʝʨiʤʝʥװʘʙʩʮʠʩʩʘʣʘʨʳ x=a  ʞᴅʥʝ  x=b ʙʦʣʘʪʳʥ ʥ שʳʥʳסʠʩʳץ 

ʰʝʢʪʝʣʛʝʥ ʜʦסʘʩʳʥʳײ שʟʳʥʜʳסʳ l ʤʳʥʘ ʬʦʨʤʫʣʘʤʝʥ ʘʥʳץʪʘʣʘʜʳ:  

( )ñ ¡+=

b

a

dxxfl
2

)(1 . 

         )(xfy=  ʢʪʝʣʝʨiʤʝʥװʘʙʩʮʠʩʩʘʣʘʨʳ x=a  ʞᴅʥʝ  x=b ʙʦʣʘʪʳʥ ʥ שʳʥʳסʠʩʳץ 

ʰʝʢʪʝʣʛʝʥ ʙᴇʣiʛiʥiש ʆʭ ʦʩiʥʝʥ ʘʡʥʘʣʫʳʥʘʥ ʧʘʡʜʘ ʙʦʣסʘʥ ʙʝʪʪiש ʘʫʜʘʥʳ ʤʳʥʘ 

ʬʦʨʤʫʣʘʤʝʥ ʘʥʳץʪʘʣʘʜʳ:  

( )ñ ¡+=

b

a

x dxxfxfS
2

)(1)(2p . 

ʄʝʥʰiʢʩiʟ ʠʥʪʝʛʨʘʣʜʘʨ. 

         ɽʛʝʨ )(xf  ʬʫʥʢʮʠʷʩʳ [ )+¤Í ,ax  ʙʦʣסʘʥʜʘ װʟiʣiʩʩiʟ ʙʦʣʩʘ, ʦʥʜʘ ñ
+¤

a

dxxf )(  

ʤʝʥʰiʢʩiʟ ʠʥʪʝʛʨʘʣʳ ʜʝʧ ñ+¤

b

a
b

dxxf )(lim  ʘʪʘʣʘʜʳ. ɽʛʝʨ ʙײʣ ʰʝʢ ʙʘʨ ʞᴅʥʝ ʘץʳʨʣʳ 

ʙʦʣʩʘ, ʦʥʜʘ ʠʥʪʝʛʨʘʣ ʞʠʥʘϨʪʳ ʜʝʧ ʘʪʘʣʘʜʳ. ʂʝʨi ʞʘסʜʘʡʜʘ ʠʥʪʝʛʨʘʣ ʞʠʥʘϨʩʳʟ 

ʙʦʣʘʜʳ. ñ
¤-

b

dxxf )(  ʞᴅʥʝ ñ
+¤

¤-

dxxf )(  ʠʥʪʝʛʨʘʣʜʘʨʳ ʜʘ ʦʩʳʣʘʡʰʘ ʘʥʳץʪʘʣʘʜʳ: 

 

               ññ -¤
¤-

=

b

a
a

b

dxxfdxxf )(lim)( ;     ñ
+¤

¤-

dxxf )( = ññ +¤-¤
+

b

ʩ
b

ʩ

a
a

dxxfdxxf )(lim)(lim . 

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  
1. ɸʥʳץʪʘʣסʘʥ ʠʥʪʝʛʨʘʣʜʳש ʛʝʦʤʝʪʨʠʷʣʳץ ʤʘסʳʥʘʩʳ ץʘʥʜʘʡ?  

2. ʊiʢ ʙײʨʳʰʪʳ ʢʦʦʨʜʠʥʘʪʘʣʘʨ ʞװʡʝʩiʥʜʝ ʞʘʟʳץ ʬʠʛʫʨʘʥʳש ʘʫʜʘʥʳ ץʘʣʘʡ 

ʝʩʝʧʪʝʣʝʜi?  

3. ɾʘʟʳץ ʬʠʛʫʨʘʥʳש ʆʭ ʦʩiʥʝʥ ʘʡʥʘʣʫʳʥʘʥ ʧʘʡʜʘ ʙʦʣסʘʥ ʜʝʥʝʥiש ʢᴇʣʝʤiʥ ץʘʣʘʡ 

ʝʩʝʧʪʝʫʛʝ ʙʦʣʘʜʳ?  

 ?ʘʥʜʘʡ ʠʥʪʝʛʨʘʣʜʘʨ ʤʝʥʰiʢʩiʟ ʜʝʧ ʘʪʘʣʘʜʳפ .4

5. ʄʝʥʰiʢʩiʟ ʠʥʪʝʛʨʘʣʜʘʨ ץʘʣʘʡ ʝʩʝʧʪʝʣʝʜi?  

 ?ʩʳʟ ʙʦʣʘʜʳץʪʳ ʥʝʤʝʩʝ ʞʠʥʘץʜʘʡʜʘ ʤʝʥʰiʢʩiʟ ʠʥʪʝʛʨʘʣ ʞʠʥʘסʘʥʜʘʡ ʞʘפ .6

 

 

ɾʘʪʪʳϤʫʣʘʨ: 

 

ʊʘʧʩʳʨʤʘ 1 

ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʣʘʨʤʝʥ ʰʝʢʪʝʣʛʝʥ ʬʠʛʫʨʘʥʳש ʘʫʜʘʥʳש ʪʘʧ: 

1 ʫ = ʭ
2 
;           ʭ+ʫ =2 8 ʫ=0,5ʭ

2
-ʭ

 
+1;  ʫ =-0,5ʭ

2
+3ʭ+6 

2 ʫ = 2ʭ - ʭ
2 
;    ʭ+ʫ = 0 9 ʫ = 3ʭ-ʭ

2 
;       5ʭ-ʫ-8=0 
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3 
ʫ=

3

2
4;

3

22 ʭ
ʫ

ʭ
-=  

10 ʫ = 
3

1
(ʭ-2)

2 
;     ʫ = 2ʭ-4 

4 ʫ = 4ʭ - ʭ
2 
;    ʫ = 0 11 ʫ = 

3

1
(ʭ-5)

2 
;     2ʭ-ʫ-10=0 

5 ʫ = 2ʭ - ʭ
2 
;    ʫ = - ʭ 12 ʫ = 

3

1
(ʭ-4)

2 
;     ʫ = 2ʭ-8 

6 ʫ = ʭ
2 
;           ʫ = 3-2ʭ 13 ʫ =-0,5ʭ

2
+2ʭ+6;    ʫ = ʭ+2 

7 ʫ = 3ʭ
2 
+1;     ʫ = 3ʭ+7 14 ʫ = -ʭ

2 
;          ʭ+ʫ+2 = 0 

 

ʊʘʧʩʳʨʤʘ 2 

 

ɼʦסʘ ץʠʩʳץʪʳײ שʟʳʥʜʳסʳʥ ʪʘʙʳשʳʟ: 

     1        )1ln( 2xy -=  ʦʪ 
2

1
1 -=x  ʜʦ 

2

1
2 =x             

     2         xxy
3

1
=  ʦʪ 01=x  ʜʦ 122=x  

     3        3)2( -= xy  ʦʪ A(2;0) ʜʦ B(6;8) 

     4         ʘʩʪʨʦʠʜʳ: 3
2

3

2

3

2

ayx =+  

 

 

 

ʊʘʧʩʳʨʤʘ 3 

 

ɸʡʥʘʣʫ ʜʝʥʝʥʽש ʢᴇʣʝʤʽʥ ʪʘʙʳשʳʟ: 

    

1 
ʵʣʣʠʧʩ 

í
ì
ë

=

=

tby

tax

sin

cos
. 

Oʭ ᴇʩʽʤʝʥ ʘʡʥʘʣסʘʥʜʘ 

2 ʫ= ʭ
2
,    ʫ= 3-2ʭ,    ʭ= 0 

Oʭ ᴇʩʽʤʝʥ ʘʡʥʘʣסʘʥʜʘ 

3 ʫ = 2ʭ - ʭ
2 
;    ʫ = 0 

Oʭ ᴇʩʽʤʝʥ ʘʡʥʘʣסʘʥʜʘ 

4 ʫ = ʭ
2 
;       ʫ

2 
=8ʭ 

Oʭ ᴇʩʽʤʝʥ ʘʡʥʘʣסʘʥʜʘ 

5 
5,1,

4

2

=== ʫʫ
ʭ

ʫ  

Oʫ ᴇʩʽʤʝʥ ʘʡʥʘʣסʘʥʜʘ 

6 3xy= , 8=y , 0=x  

Oʭ ᴇʩʽʤʝʥ ʘʡʥʘʣסʘʥʜʘ 

    

7 ʭʫ = 4,  ʫ = 0,  ʭ=1,  ʭ=4 

Oʭ ᴇʩʽʤʝʥ ʘʡʥʘʣסʘʥʜʘ 

  

 

ʊʘʧʩʳʨʤʘ 4 

ʄʝʥʰʽʢʪʽ ʝʤʝʩ ʠʥʪʝʛʨʘʣʜʳ ʝʩʝʧʪʝ ʥʝʤʝʩʝ ʦʥʳש ʞʠʥʘץʪʳʣʳסʳʥ ʪʝʢʩʝʨ 
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1.   ʘ)   ñ
¤

+

1

2

2 )1ln(
dx

x

x
                                                   ʙ)   ñ

-

1

0
5

4

1 x

dxx
  

2.  ʘ)    ñ
¤

+1 )1( xx

dx

                                                        ʙ)   ñ -

1

0

23 5xx

dx
  

3.  ʘ)   ñ
¤

4

3ln xx

dx
                                                               ʙ)   ñ

-

2

0
2

5

4 x

dxx
 

 

4.   ʘ)   ñ
¤-

+

0

22 )1(x

xdx
                                                          ʙ)   ñ

2

1
ln xx

dx
   

 

5.   ʘ)   dxxe x

ñ
¤

-

0

2 2

                                                            ʙ)   ñ
-

4

0
216 x

xdx
 

 

 

 

13 ʪʘץʳʨʳʧ  ɹʽʨʥʝʰʝ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ. ɸʥʳץʪʘʣʫ ʦʙʣʳʩʳ. ɼʝʨʙʝʩ 

ʪʫʳʥʜʳʣʘʨ. ʊʦʣʳץ ʜʠʬʬʝʨʝʥʮʠʘʣ 

 

ʄʘϨʩʘʪ: ʌʫʥʢʮʠʷ סײʳʤʳʥ ʢʝשʝʡʪʫ ʞᴅʥʝ ʜʝשʛʝʡ ʩʳʟʳסʳ סײʳʤʳʥ ʝʥʛiʟʫ. ʂᴇʧ 

ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʜʠʬʬʝʨʝʥʮʠʘʣʜʳץ ʝʩʝʧʪʝʫʣʝʨiʥiש ʥʝʛiʟiʤʝʥ ʪʘʥʳʩʪʳʨʫ.   

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ ʪiʟiʤi:  

1. n ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʘʥʳץʪʘʤʘʩʳ.  

2. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʘʥʳץʪʘʤʘʩʳ ʞᴅʥʝ ʦʥʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳ. 

3. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʛʨʘʬʠʛi ʞᴅʥʝ ʜʝשʛʝʡ ʩʳʟʳסʳ.  

4. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʪʦʣʳץ ʞᴅʥʝ ʜʝʨʙʝʩ ᴇʩiʤʰʝʣʝʨi.  

5. ɹiʨiʥʰi ʨʝʪʪi ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨ. 

 

ɸʥʳץʪʘʤʘ. n  ʘʡʥʳʤʘʣʳ ʰʘʤʘʣʘʨ ʙʝʨiʣʩiʥ ʞᴅʥʝ ʦʣʘʨʜʳש ʍ ʞʠʳʥʳʥʜʘסʳ ᴅʨʙiʨ 

( )nxxx ...,,, 21  ʤᴅʥʜʝʨ ʞʠʳʥʪʳסʳʥʘ z ʘʡʥʳʤʘʣʳʩʳʥʳש ʥʘץʪʳ ʙiʨ ʤᴅʥi ʩᴅʡʢʝʩ 

ʢʝʣʩʝ, ʦʥʜʘ ʍ ʞʠʳʥʳʥʜʘ ʙiʨʥʝʰʝ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ ( )nxxfz ,...,1=  ʙʝʨiʣʜi 

ʜʝʡʜi.  

 nxx ,...,1  ʘʡʥʳʤʘʣʳʣʘʨʳ ʪϸʫʝʣʩiʟ ʘʡʥʳʤʘʣʳʣʘʨ ʥʝʤʝʩʝ ʘʨʛʫʤʝʥʪʪʝʨ, ʘʣ z - 

ʪϸʫʝʣʜi ʘʡʥʳʤʘʣʳ ʥʝʤʝʩʝ ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʣʘʜʳ.  f  ʩʠʤʚʦʣʳ ʩᴅʡʢʝʩʪiʢ ʟʘשʳʥ 

ʙiʣʜiʨʝʜi. ʍ ʞʠʳʥʳ ʬʫʥʢʮʠʷʥʳש ʘʥʳϨʪʘʣʫ ʦʙʣʳʩʳ ʜʝʧ ʘʪʘʣʘʜʳ. 

ɹiʨʥʝʰʝ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʢʝʡʙiʨ ʤʳʩʘʣʜʘʨʳʥ ץʘʨʘʩʪʳʨʘʡʳץ:  

1. bxaxaxaz nn ++++= ...2211 - ʩʳʟʳϨʪʳϨ ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʣʘʜʳ, ʤײʥʜʘ baa n,,...,1 - 

ʪײʨʘץʪʳ ʩʘʥʜʘʨ. 
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2. ä
=

=
n

ji

iij xxbz
1,2

1
 - ʢʚʘʜʨʘʪʪʳϨ ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʣʘʜʳ, ʤײʥʜʘ ijb - ʪײʨʘץʪʳ ʩʘʥʜʘʨ.  

ɸʥʳץʪʘʤʘ. ɽʛʝʨ { }( , )D x y=  ʩʘʥ ʞʠʳʥʳʥʳש ʢʝʟ ʢʝʣʛʝʥ ʨʝʪʪʝʣʛʝʥ ʩʘʥ ʞײʙʳʥʘ 

(x,y) ʢʝʡʙiʨ f ʝʨʝʞʝ ʙʦʡʳʥʰʘ Z ʞʠʳʥʳʥʳש z ʩʘʥʳ ʩᴅʡʢʝʩ ץʦʡʳʣʩʘ, ʦʥʜʘ D 

ʞʠʳʥʳʥʜʘ  z = f (x,y ) ʬʫʥʢʮʠʷʩʳ ʙʝʨiʣʜi ʜʝʡʜi.   

ʭ ʞᴅʥʝ  ʫ  ʘʡʥʳʤʘʣʳʣʘʨʳ ʪϸʫʝʣʩiʟ ʘʡʥʳʤʘʣʳʣʘʨ (ʥʝʤʝʩʝ ʘʨʛʫʤʝʥʪʪʝʨ), ʘʣ z - 

ʪϸʫʝʣʜi ʘʡʥʳʤʘʣʳ ʥʝʤʝʩʝ ʝʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ ʜʝʧ ʘʪʘʣʘʜʳ. { }( , )D x y=  

ʞʠʳʥʳ ʬʫʥʢʮʠʷʥʳש ʘʥʳϨʪʘʣʫ ʦʙʣʳʩʳ, { }( , )Z f x y= ʬʫʥʢʮʠʷʥʳש ʤϸʥʜʝʨ ʦʙʣʳʩʳ 

ʜʝʧ ʘʪʘʣʘʜʳ. 

       ʊiʢ ʙײʨʳʰʪʳ ʢʦʦʨʜʠʥʘʪʘʣʘʨ ʞװʡʝʩiʥʜʝ ᴅʨʙiʨ ʨʝʪʪʝʣʛʝʥ ʩʘʥ ʞײʙʳʥʘ (x,y) 

ʭʆʫ ʞʘʟʳץʪʳסʳʥʳש ʞʘʣסʳʟ ʄ ʥװʢʪʝʩi ʩᴅʡʢʝʩ ʞᴅʥʝ ʢʝʨiʩiʥʰʝ, ᴅʨʙiʨ ʄ ʥװʢʪʝʛʝ 

ʞʘʣסʳʟ סʘʥʘ ʨʝʪʪʝʣʛʝʥ ʩʘʥʜʘʨ ʞײʙʳ (x,y) ʩᴅʡʢʝʩ ʙʦʣʘʪʳʥʜʳץʪʘʥ, ʝʢi ʘʡʥʳʤʘʣʳ 

ʬʫʥʢʮʠʷʥʳ ʄ ʥװʢʪʝʩiʥiש ʬʫʥʢʮʠʷʩʳ ʜʝʧ ץʘʨʘʩʪʳʨʫסʘ ʙʦʣʘʜʳ. ʆʣ  ( )z f M= ʜʝʧ 

ʞʘʟʳʣʘʜʳ. ɹײʣ ʞʘסʜʘʡʜʘ ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳ ʭʆʫ ʢʦʦʨʜʠʥʘʣʘʨ 

ʞʘʟʳץʪʳץʪʳסʳʥʳש ʢʝʡʙiʨ ʥװʢʪʝʣʝʨ ʞʠʳʥʳ ʙʦʣʘʜʳ.  

        D ʞʠʳʥʳʥʜʘ ʘʥʳץʪʘʣסʘʥ ʝʢi ʘʡʥʳʤʘʣʳ z=f(x;y) ʬʫʥʢʮʠʷʩʳʥʳש ʛʨʘʬʠʛi ʜʝʧ 

( ) Dʫʭ Ë, ,  ( )yxfz ,=  ʙʦʣʘʪʳʥʜʘʡ װʰ ᴇʣʰʝʤʜi ʢʝשiʩʪiʢʪiש (ʭ,ʫ,z) ʥװʢʪʝʣʝʨiʥiש 

ʞʠʳʥʳ ʘʪʘʣʘʜʳ. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ z=f(x;y) ʛʨʘʬʠʛi װʰ ᴇʣʰʝʤʜi ʢʝשiʩʪiʢʪʝ 

ʢʝʡʙiʨ ʙʝʪ ʙʦʣʘʜʳ.      

ɸʥʳϨʪʘʤʘ. ʌʫʥʢʮʠʷ ʤᴅʥi ᴅʨץʘʰʘʥ ʪײʨʘץʪʳ ʉ ʙʦʣʘʪʳʥʜʘʡ ʞʘʟʳץʪʳץʪʘסʳ 

ʥװʢʪʝʣʝʨ ʞʠʳʥʳ ʝʢi ʘʡʥʳʤʘʣʳ z=f(x;y) ʬʫʥʢʮʠʷʥʳש ʜʝϬʛʝʡ ʩʳʟʳϤʳ ʜʝʧ 

ʘʪʘʣʘʜʳ. ʄײʥʜʘ ʉ ʩʘʥʳ ʜʝϬʛʝʡ ʜʝʧ ʘʪʘʣʘʜʳ.        

ɹiʨ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ װʰiʥ ʘʥʳץʪʘʣסʘʥ ʤʘʪʝʤʘʪʠʢʘʣʳץ ʪʘʣʜʘʫ סײʳʤʜʘʨʳʥʳש 

ʢᴇʧ ʙᴇʣiʛi ʝʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷסʘ ʜʘ ץʦʣʜʘʥʳʣʘʜʳ.  

        ɽʢi ʘʡʥʳʤʘʣʳ ( , )z f x y=  ʬʫʥʢʮʠʷʩʳ ʙʝʨiʣʩiʥ. ɽʥʜi ʭ ʘʨʛʫʤʝʥʪiʥʝ ʭD, ʘʣ ʫ 

ʘʨʛʫʤʝʥʪiʥʝ ʫD  ᴇʩiʤʰʝʩiʥ ʙʝʨʝʣiʢ. ʉʦʥʜʘ z ʬʫʥʢʮʠʷʩʳʥʳש  ᴇʩʢʝʥ ʤᴅʥi 

),( yyxxf D+D+  ʙʦʣʘʜʳ. ),(),( yxfyyxxfz -D+D+=D  ʰʘʤʘʩʳ ʬʫʥʢʮʠʷʥʳש (ʭ,ʫ) 

ʥװʢʪʝʩiʥʜʝʛi ʪʦʣʳϨ Ϻʩiʤʰʝʩi ʜʝʧ ʘʪʘʣʘʜʳ. ɽʛʝʨ ʪʝʢ ץʘʥʘ ʭ ʘʨʛʫʤʝʥʪiʥʝ ʥʝʤʝʩʝ 

ʪʝʢ ץʘʥʘ ʫ ʘʨʛʫʤʝʥʪiʥʝ ᴇʩiʤʰʝ ʙʝʨʩʝʢ, ʦʥʜʘ ʘʣʳʥסʘʥ ʬʫʥʢʮʠʷʥʳש ʩᴅʡʢʝʩ 

ᴇʩiʤʰʝʣʝʨi ),(),( yxfyxxfzʭ -D+=D  ʞᴅʥʝ  ),(),( yxfyyxfzʫ -D+=D  ʜʝʨʙʝʩ 

Ϻʩiʤʰʝʣʝʨ ʜʝʧ ʘʪʘʣʘʜʳ. ɹiʨʥʝʰʝ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʜʝʨʙʝʩ ᴇʩiʤʰʝʣʝʨi ʜʝ 

ʦʩʳʣʘʡʰʘ ʘʥʳץʪʘʣʘʜʳ. 

 ɸʥʳϨʪʘʤʘ.. ɹiʨʥʝʰʝ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʦʩʳ ʘʡʥʳʤʘʣʳʣʘʨʜʳש ʙiʨʝʫi 

ʙʦʡʳʥʰʘ ʘʣʳʥסʘʥ ʜʝʨʙʝʩ ʪʫʳʥʜʳʩʳ ʜʝʧ ʬʫʥʢʮʠʷʥʳש ʩᴅʡʢʝʩ ʜʝʨʙʝʩ 

ᴇʩiʤʰʝʩiʥiץ שʘʨʘʩʪʳʨʳʣסʘʥ ʪᴅʫʝʣʩiʟ ʘʡʥʳʤʘʣʳ ᴇʩiʤʰʝʩiʥʝ ץʘʪʳʥʘʩʳʥʳש 

ʩʦסשʳʩʳ ʥʦʣʴʛʝ ײʤʪʳʣסʘʥʜʘסʳ ʰʝʛi ʘʪʘʣʘʜʳ.  

       ( , )z f x y=  ʬʫʥʢʮʠʷʩʳʥʳש ʪᴅʫʝʣʩiʟ ʭ ʘʡʥʳʤʘʣʳʩʳ ʙʦʡʳʥʰʘ ʜʝʨʙʝʩ 

ʪʫʳʥʜʳʩʳ ʜʝʧ ʫ ʪײʨʘץʪʳ ʜʝʧ ʝʩʝʧʪʝʧ ʪʘʙʳʣסʘʥ ʘץʳʨʣʳ  ʰʝʢ 
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 ʘʪʘʣʘʜʳ.  
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      ( , )z f x y=  ʬʫʥʢʮʠʷʩʳʥʳש ʪᴅʫʝʣʩiʟ ʫ ʘʡʥʳʤʘʣʳʩʳ ʙʦʡʳʥʰʘ ʜʝʨʙʝʩ 

ʪʫʳʥʜʳʩʳ ʜʝʧ ʭ ʪײʨʘץʪʳ ʜʝʧ ʝʩʝʧʪʝʧ ʪʘʙʳʣסʘʥ ʘץʳʨʣʳ  ʰʝʢ 
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  ʘʪʘʣʘʜʳ.  

        ),( yxzx
¡   ʪʫʳʥʜʳʩʳʥ ʝʩʝʧʪʝʫ װʰiʥ ʫ ʘʡʥʳʤʘʣʳʩʳʥ, ʘʣ ),( yxzʫ¡  ʪʫʳʥʜʳʩʳʥ 

ʪʘʙʫ װʰiʥ ʭ ʘʡʥʳʤʘʣʳʩʳʥ ʪײʨʘץʪʳ ʜʝʧ ʝʩʝʧʪʝʧ ʞᴅʥʝ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʫ 

ʝʨʝʞʝʣʝʨiʥ ʧʘʡʜʘʣʘʥʫ ץʘʞʝʪ.   

 

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:   
1. n ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ ʘʥʳץʪʘʤʘʩʳʥ ʙʝʨ.  

2. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ ʘʥʳץʪʘʤʘʩʳʥ ʙʝʨ.  

3. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳ ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?   

4. n ʘʡʥʳʤʘʣʳ ʩʳʟʳץʪʳץ ʬʫʥʢʮʠʷ ץʘʥʜʘʡ ʪװʨʜʝ ʙʦʣʘʜʳ?  

5. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʛʨʘʬʠʛi ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?  

6. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʛʨʘʬʠʛi ʥʝ ʙʦʣʘʜʳ?  

7. ɼʝשʛʝʡ ʩʳʟʳסʳ ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ? 

8. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʜʝʨʙʝʩ ʞᴅʥʝ ʪʦʣʳץ ᴇʩiʤʰʝʩi ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?  

9.ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʙiʨiʥʰi ʨʝʪʪi ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨʳʥʳש 

ʘʥʳץʪʘʤʘʩʳʥ ʙʝʨ. 

10. n ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʙiʨiʥʰi ʨʝʪʪi ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨʳʥʳש 

ʘʥʳץʪʘʤʘʩʳʥ ʙʝʨ. 

11. ɼʝʨʙʝʩ ʪʫʳʥʜʳʥʳש ʬʠʟʠʢʘʣʳץ ʤʘסʳʥʘʩʳ ץʘʥʜʘʡ? 

 

 

ɾʘʪʪʳϤʫʣʘʨ: 

ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʣʘʨʜʳש ʘʥʳץʪʘʣʫ ʦʙʣʳʩʳʥ ʪʘʙʳשʳʟ. 

1.      
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z

52

3

-
=  

2.     )sin( yxʘrcz -=  

3.     22 ʭʫz -=  

4.     )( yxʘrcʩʦsz +=  

5.     522 -+= ʫxz  

6.     
22

4
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-
=  

7.     )4ln( 22 yxz --=  

8.     5/1 22 -+= ʫxz  

9.   
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ʫʭ
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+
=
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10. 
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3

 

11. )3ln( 22 -+= yxz  
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12. )2( yxʘrcʩʦsz +=  

13. 
22 ʫʭ

xy
z

+
=  

14. ʫxz --= 1  

15. 
6

1
22 -+

=
ʫʭ

z  

16. 
ʫ

ʭ
ʘrcz sin=  

17. 222 ʫxz -=  

18. )2ln( yxz -=  

19. 
ʫʭ

ʫʭ
z

4

7 3

-
=  

20. )2sin( ʫʭʘrcz -=  

 

 

14 ʪʘץʳʨʳʧ  ɾʦסʘʨסʳ ʨʝʪʪʽ ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨ, ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʨ 

 

ɼϸʨiʩ ʤʘϨʩʘʪʳ: ʂᴇʧ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʠʢʝʤʜʽʣʽʛʽ ʞᴅʥʝ ʜʠʬʬʝʨʝʥʮʠʘʣʳ 

   .ʳʤʜʘʨʳʥ ʝʥʛʽʟʫסײ

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ ʪiʟiʤi: 

1. ɹiʨʥʝʰʝ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʠʢʝʤʜiʣiʛi.  

2. ɹiʨiʥʰi ʨʝʪʪi ʪʦʣʳץ ʜʠʬʬʝʨʝʥʮʠʘʣ ʞᴅʥʝ ʦʥʳץ שʦʣʜʘʥʳʣʫʳ.  

3. ɸʡץʳʥʜʘʣʤʘסʘʥ ʬʫʥʢʮʠʷʥʳש ʪʫʳʥʜʳʩʳ. 

4. ɹʘסʳʪ ʙʦʡʳʥʰʘ ʪʫʳʥʜʳ ʞᴅʥʝ ʛʨʘʜʠʝʥʪ.  

5. ɾʦסʘʨʳ ʨʝʪʪi ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨ. 

 

         ɼʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ( , )z f x y=  ʬʫʥʢʮʠʷʩʳʥʳש ),( 000 ʫʭʄ  ʥװʢʪʝʩiʥʜʝʛi 

ʪʦʣʳץ ᴇʩiʤʰʝʩiʥ ʤʳʥʘ ʪװʨʜʝ ʙʝʨʫʛʝ ʙʦʣʘʜʳ:  

yyxxyxyyxfxyxfyxfyyxxfz yx DDD+DDD+D¡+D¡=-D+D+=D ),(),(),(),(),(),( 00000000 ba , 

ʤײʥʜʘ 0Dx , 0Dy  .ʘʥʜʘ a ʤʝʥ b ʰʝʢʩiʟ ʘʟ ʬʫʥʢʮʠʷʣʘʨסʤʪʳʣײ 

         ɼʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ ( , )z f x y=  ʬʫʥʢʮʠʷʩʳʥʳש ),( 000 ʫʭʄ  ʥװʢʪʝʩiʥʜʝʛi  

ʪʦʣʳϨ ʜʠʬʬʝʨʝʥʮʠʘʣʳ dz ʜʝʧ ʦʩʳ ʬʫʥʢʮʠʷʥʳש ʪʦʣʳץ ᴇʩiʤʰʝʩiʥiש ʭD  ʧʝʥ ʫD

-ʢʝ ץʘʨʘסʘʥʜʘ ʩʳʟʳץʪʳץ ʙʘʩ ʙᴇʣiʛi ʘʪʘʣʘʜʳ, ʷסʥʠ  yyxfxyxfdz yx D¡+D¡= ),(),( 0000
.  

ʉʦʥʳʤʝʥ ʝʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʪʦʣʳץ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʦʩʳ ʬʫʥʢʮʠʷʥʳש 

ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨʳ ʤʝʥ ʩᴅʡʢʝʩ ʪᴅʫʝʣʩiʟ ʘʡʥʳʤʘʣʳʣʘʨʜʳש ᴇʩiʤʰʝʣʝʨiʥiש 

ʢᴇʙʝʡʪiʥʜiʣʝʨiʥiץ שʦʩʳʥʜʳʩʳʥʘ ʪʝש.  

        ɸʨʛʫʤʝʥʪ ᴇʩiʤʰʝʣʝʨi ʭD  ʧʝʥ ʫD  ʦʣʘʨʜʳש ʩᴅʡʢʝʩ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʨʳʥʘ 

ʪʝש ʭD =dx, ʫD = dy ʙʦʣסʘʥʜʳץʪʘʥ ʬʫʥʢʮʠʷʥʳש ʪʦʣʳץ ʜʠʬʬʝʨʝʥʮʠʘʣʳʥ ʤʳʥʘ 

ʪװʨʜʝ ʞʘʟʫסʘ ʙʦʣʘʜʳ: dyyxfdxyxfdz yx ),(),( 0000
¡+¡= .          
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         ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʜʠʬʬʝʨʝʥʮʠʘʣʳʥ ʧʘʡʜʘʣʘʥʳʧ F(x,y)=0 

ʪʝשʜʝʫiʤʝʥ ʘʡץʳʥʜʘʣʤʘסʘʥ ʪװʨʜʝ ʙʝʨiʣʛʝʥ )(xfʫ=  ʬʫʥʢʮʠʷʩʳʥʳש ʪʫʳʥʜʳʩʳʥ 

ʪʘʙʘʪʳʥ ʬʦʨʤʫʣʘʥʳ ʘʣʫסʘ ʙʦʣʘʜʳ, ʤײʥʜʘ F(x,y) ï ʝʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ. 

         ɽʛʝʨ ʬʫʥʢʮʠʷ ʪײʨʘץʪʳ (ʜʝʨʙʝʩ ʞʘסʜʘʡʜʘ ʥʦʣʴʛʝ ʪʝש) ʙʦʣʩʘ, ʦʥʜʘ ʦʥʳש 

ᴇʩiʤʰʝʩi ʞᴅʥʝ ʜʠʬʬʝʨʝʥʮʠʘʣʳ  ʥʦʣʴʛʝ ʪʝ0 ש),( =yxdF . ʉʦʥʜʳץʪʘʥ  

0),(),( =¡+¡ dyyxFdxyxF yx , ʙײʜʘʥ ʘʡϨʳʥʜʘʣʤʘϤʘʥ ʬʫʥʢʮʠʷ ʪʫʳʥʜʳʩʳʥʳϬ 

ʬʦʨʤʫʣʘʩʳ ʰʳסʘʜʳ: 
),(

),(

yxF

yxF

dx

dy

y

x

¡

¡
-= . 
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      ɽʛʝʨ ʝʢiʥʰi ʨʝʪʪi ʘʨʘʣʘʩ ʪʫʳʥʜʳʣʘʨ װʟiʣiʩʩiʟ ʙʦʣʩʘ, ʦʥʜʘ ʦʣʘʨʜʳש ʤᴅʥi 
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ʄʳʩʘʣ 4  
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ʄʳʩʘʣ 6  

ʊʘʙʫ ʢʝʨʝʢ  
4 4 3 3 4 3 2 2 3 2 2, 2 2 3 3 2 2 1d u ʝʛʝʨ ʠ x x y xy y x x y xy y x xy y x y= - - + + - - + + - + + + +  

4

4

4
3

3

4
32

32

4
3

3

4
4

2

4
4 464 dy

y

u
dydx

yx

u
dydx

yx

u
dxdy

yx

u
dx

x

u
ud

µ

µ
+

µµ

µ
+

µµ

µ
+

µµ

µ
+

µ

µ
=  

14363264 22323 +-+--+--=
µ

µ
yxyxyxyyxx

x

u
 

14363462 22323 ++-+--+-=
µ

µ
yxyxyxyxyx

y

u
 

4661212 2

2

2

+-+-=
µ

µ
yxxyx

x

u
 

4661212 2

2

2

++-+-=
µ

µ
yxyxy

y

u
 

61224
3

3

+-=
µ

µ
yx

x

u
                  62412

3

3

++-=
µ

µ
yx

y

u
 



71 

 

 

 24
4

4

=
µ

µ

x

u
                               24

4

4

=
µ

µ

y

u
 

 

0
2

4

=
µµ

µ

yx

u
                             12

3

4

-=
µµ

µ

yx

u
            12

3

4

-=
µµ

µ

yx

u
 

 
)22(24 43344 dydydxdxdydxud +++=  

 

ʄʳʩʘʣ 7  

ʊʘʙʫ ʢʝʨʝʢ  
33 3 2 2, 3 3d u ʝʛʝʨ ʠ x y x y xy= + - +  

 

3

3

3
2

2

3
2

2

4
3

3

3
4 33 dy

y

u
dxdy

yx

u
dydx

yx

u
dx

x

u
ud

µ

µ
+

µµ

µ
+

µµ

µ
+

µ

µ
=  

22 363 yxyx
x

u
--=

µ

µ
                xyxy

y

u
633 22 +-=

µ

µ
 

yx
x

u
66

2

2

-=
µ

µ
                         yx

y

u
66

2

2

+=
µ

µ
 

6
3

3

=
µ

µ

x

u
                                 6

3

3

=
µ

µ

y

u
 

6
2

3

-=
µµ

µ

yx

u
                           6

2

3

=
µµ

µ

yx

u
 

)33(6
32233 dydxdydydxdxud ++-=  

 

ʄʳʩʘʣ 8  

ʊʘʙʫ ʢʝʨʝʢ  ,n ax by czd u ʝʛʝʨ ʠ e+ +=  

ndz
z

u
dy

y

u
dx

x

u
ud )(4

µ

µ
+

µ

µ
+

µ

µ
=  

ae
x

u czbyax ++=
µ

µ
             be

y

u czbyax ++=
µ

µ
        ce

z

u czbyax ++=
µ

µ
 

nczbyax cdzbdyadxeud )(4 ++= ++  

 

ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  

1. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʪʦʣʳץ ʜʠʬʬʝʨʝʥʮʠʘʣʳ ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?  

2. ɸʡץʳʥʜʘʣʤʘסʘʥ ʬʫʥʢʮʠʷ ʪʫʳʥʜʳʩʳ ץʘʥʜʘʡ ʬʦʨʤʫʣʘʤʝʥ ʝʩʝʧʪʝʣʝʜi?  

3. ɽʢiʥʰi ʞᴅʥʝ ʦʜʘʥ ʞʦסʘʨʳ ʨʝʪʪi ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨ ץʘʣʘʡ ʘʥʳץʪʘʣʘʜʳ?  

 

ɾʘʪʪʳϤʫʣʘʨ: 

 

ʊʘʧʩʳʨʤʘ1. 

ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʣʘʨʜʳש ʝʢʽʥʰʽ ʨʝʪʪʽ ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨʳʥ ʪʘʙʳשʳʟ.. 
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ʊʘʧʩʳʨʤʘ 2. 

 ɹʝʨʽʣʛʝʥ uʬʫʥʢʮʠʷʩ  rʢᴇʨʩʝʪʽʣʛʝʥ ʪʝשʜʝʫʜʽ ץʘʥʘסʘʪʪʘʥʜʳʨʘʜʳ ʤʘ ʝʢʝʥʽʥ 

ʪʝʢʩʝʨʽשʽʟ. 
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15 ʪʘץʳʨʳʧ  ɽʢʽ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʵʢʩʪʨʝʤʫʤ r

 

ʄʘϨʩʘʪʳ: ʂᴇʧ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʵʢʩʪʨʝʤʫʤʳʥ ʪʘʙʫסʘ װʡʨʝʪʫ.    

 

ϧʘʨʘʩʪʳʨʳʣʘʪʳʥ ʩϰʨʘϨʪʘʨ ʪiʟiʤi: 

1. ɹiʨʥʝʰʝ ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ ʵʢʩʪʨʝʤʫʤʳʥʳש ʘʥʳץʪʘʤʘʩʳ;  

2. ʃʦʢʘʣʴʜʳץ ʵʢʩʪʨʝʤʫʤʥʳץ שʘʞʝʪʪi ʰʘʨʪʳ;  

3. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʣʦʢʘʣʴʜʳץ ʵʢʩʪʨʝʤʫʤʳʥʳש ʞʝʪʢiʣiʢʪi ʰʘʨʪʳ; 
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       ),( 000 ʫʭʄ  ʥװʢʪʝʩiʥiש ʘʡʤʘסʳ ʜʝʧ ʮʝʥʪʨi 0ʄ  ʥװʢʪʝʩiʥʜʝ ʞʘʪʘʪʳʥ ʨʘʜʠʫʩʳ 

ʢʝʟ ʢʝʣʛʝʥ ʙʦʣʘʪʳʥ ʜᴇשʛʝʣʝʢ ʘʪʘʣʘʜʳ. ),( 000 ʫʭʄ  ʥװʢʪʝʩiʥiש e-ʘʡʤʘסʳ ʜʝʧ 

ʨʘʜʠʫʩʳ e ʙʦʣʘʪʳʥ ʜᴇשʛʝʣʝʢ ʘʪʘʣʘʜʳ.  

ɸʥʳץʪʘʤʘ. ɽʛʝʨ ),( 000 ʫʭʄ  ʥװʢʪʝʩiʥiש ʢʝʡʙiʨ ʘʡʤʘסʳʥʜʘ ),(),( 00 yxfyxf ²  (

),(),( 00 yxfyxf ¢ ). ʪʝשʩiʟʜiʛi ʦʨʳʥʜʘʣʩʘ, ʦʥʜʘ ),( 00 yxf  ʤᴅʥi ( , )z f x y=  

ʬʫʥʢʮʠʷʩʳʥʳש ʤʘʢʩʠʤʫʤʳ (ʤʠʥʠʤʫʤʳ) ʜʝʧ ʘʪʘʣʘʜʳ.  

         ʄײʥʜʘ ),( 000 ʫʭʄ  ʥװʢʪʝʩi ʬʫʥʢʮʠʷʥʳש ʤʘʢʩʠʤʫʤʳ (ʤʠʥʠʤʫʤʳ) ʥװʢʪʝʩi ʜʝʧ 

ʘʪʘʣʘʜʳ. ʌʫʥʢʮʠʷʥʳש ʤʘʢʩʠʤʫʤ ʞᴅʥʝ ʤʠʥʠʤʫʤ ʤᴅʥʜʝʨi ʬʫʥʢʮʠʷʥʳש 

ʵʢʩʪʨʝʤʫʤʜʘʨr ʜʝʧ ʘʪʘʣʘʜʳ. 

       

ʊʝʦʨʝʤʘ. (ʵʢʩʪʨʝʤʫʤʥʳϬ Ϩʘʞʝʪʪi ʰʘʨʪʳ). ɽʛʝʨ ʜʠʬʬʝʨʝʥʮʠʘʣʜʘʥʘʪʳʥ 

( , )z f x y=  ʬʫʥʢʮʠʷʩʳʥʳש ),( 000 ʫʭʄ  ʥװʢʪʝʩiʥʜʝ ʵʢʩʪʨʝʤʫʤʳ ʙʘʨ  ʙʦʣʩʘ, ʦʥʜʘ 

ʦʥʳש ʙiʨiʥʰi ʨʝʪʪi ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨʳ ʙײʣ ʥװʢʪʝʜʝ ʥʦʣʴʛʝ ʪʝש ʙʦʣʘʜʳ:  

0),( 00 =¡ yxf x ;    0),( 00 =¡ yxf y . 

        ɹiʨiʥʰi ʨʝʪʪi ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨʳ ʥʦʣʴʛʝ ʪʝש (ʥʝʤʝʩʝ ʙʦʣʤʘʡʪʳʥ) ʥװʢʪʝʣʝʨ 

ʢʨʠʟʠʩʪiʢ ʥʝʤʝʩʝ ʩʪʘʮʠʦʥʘʨ ʥװʢʪʝʣʝʨ ʜʝʧ ʘʪʘʣʘʜʳ. ʆʣʘʨʜʳ ʵʢʩʪʨʝʤʫʤʛʝ 

ʟʝʨʪʪʝʫ ʝʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʵʢʩʪʨʝʤʫʤʳ ʙʦʣʫʜʳש ʞʝʪʢiʣiʢʪi ʰʘʨʪʪʘʨʳ 

ʢᴇʤʝʛiʤʝʥ ʞװʨʛiʟiʣʝʜi.  

 

ʊʝʦʨʝʤʘ. (ʵʢʩʪʨʝʤʫʤʥʳϬ ʞʝʪʢiʣiʢʪi ʰʘʨʪʳ).  ( , )z f x y= ʬʫʥʢʮʠʷʩʳ:  

ʘ) 0),( 00 =¡ yxf x  ʞᴅʥʝ 0),( 00 =¡ yxf y  ʙʦʣʘʪʳʥʜʘʡ ),( 000 ʫʭʄ  ʢʨʠʟʠʩʪiʢ  ʥװʢʪʝʩiʥiש 

ʢʝʡʙiʨ ʘʡʤʘסʳʥʜʘ ʘʥʳץʪʘʣʩʳʥ;  

            ʙ) ʙײʣ ʥװʢʪʝʜʝ ʦʥʳש ʝʢiʥʰi ʨʝʪʪi װʟiʣiʩʩiʟ ʪʫʳʥʜʳʣʘʨʳ  Ayxf xx =¡¡ ),( 00 ; 

Byxf xy =¡¡ ),( 00 ; Cyxf yy =¡¡ ),( 00  ʙʦʣʩʳʥ. ʉʦʥʜʘ, ʝʛʝʨ  02 >-=D ɺɸʉ  ʙʦʣʩʘ, ʦʥʜʘ 

),( 000 ʫʭʄ  ʥװʢʪʝʩiʥʜʝ ( , )z f x y=  ʬʫʥʢʮʠʷʩʳʥʳש ʵʢʩʪʨʝʤʫʤʳ ʙʦʣʘʜʳ, ᴅʨi A<0 

(ɸ>0) ʙʦʣʩʘ ʤʘʢʩʠʤʫʤ (ʤʠʥʠʤʫʤ). 02 <-=D ɺɸʉ  ʙʦʣʩʘ, ʦʥʜʘ ( , )z f x y=  

ʬʫʥʢʮʠʷʩʳʥʳש ʵʢʩʪʨʝʤʫʤʳ ʞʦץ. ɽʛʝʨ 02 =-=D ɺɸʉ  ʙʦʣʩʘ, ʦʥʜʘ ʵʢʩʪʝʤʫʤ 

ʙʦʣʫʳ ʪʫʨʘʣʳ ʩײʨʘץ ʘʰʳץ ץʘʣʘʜʳ.  

''''

''''

2

yyyx

xyxx

ff

ff
ɺɸʉ =-=D   ʩʘʥʳ ɻʝʩʩʝ ʘʥʳץʪʘʫʳʰʳ ʜʝʧ ʘʪʘʣʘʜʳ.  

 

ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳ ʵʢʩʪʨʝʤʫʤʛʝ ʟʝʨʪʪʝʫ ʞʦʙʘʩʳ:  

1. ʙiʨiʥʰi ʨʝʪʪi ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨʜʳ ),( yxf x
¡  ʞᴅʥʝ  ),( yxf y

¡  ʪʘʧ;  

2. 0),( =¡ yxfx , 0),( =¡ yxf y  ʪʝשʜʝʫʣʝʨiʥiש ʞװʡʝʩiʥ ʰʝʰiʧ ʬʫʥʢʮʠʷʥʳש 

ʢʨʠʟʠʩʪiʢ ʥװʢʪʝʣʝʨiʥ ʪʘʧ; 

3. ʝʢiʥʰi ʨʝʪʪi ʜʝʨʙʝʩ ʪʫʳʥʜʳʣʘʨʜʳ ʪʘʧ, ᴅʨ ʢʨʠʟʠʩʪiʢ ʥװʢʪʝʜʝ ʦʣʘʨʜʳש 

ʤᴅʥiʥ ʝʩʝʧʪʝ ʞᴅʥʝ ʞʝʪʢiʣiʢʪi ʰʘʨʪ ʢᴇʤʝʛiʤʝʥ ʵʢʩʪʨʝʤʫʤ ʙʦʣʫʳ ʪʫʨʘʣʳ 

  ;ʘʨסʦʨʳʪʳʥʜʳ ʰʳץ

4. ʬʫʥʢʮʠʷʥʳש ʵʢʩʪʨʝʤʫʤʜʘʨʳʥ ʪʘʧ.  
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ᴆʟʽʥ-ᴇʟʽ ʪʝʢʩʝʨʫʛʝ ʘʨʥʘʣסʘʥ ʩײʨʘץʪʘʨ:  

1. ),( 000 ʫʭʄ  ʥװʢʪʝʩiʥiש ʘʡʤʘסʳ ʜʝʛʝʥiʤiʟ ʥʝ?  

2. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷʥʳש ʵʢʩʪʨʝʤʫʤʳ ʜʝʛʝʥiʤiʟ ʥʝ?  

  ?ʢʪʝʣʝʨ ʜʝʧ ʘʪʘʣʘʜʳװʢʪʝʣʝʨ ʵʢʩʪʨʝʤʘʣʴʜʳ ʥװʘʥʜʘʡ ʥפ .3

4. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ ʵʢʩʪʨʝʤʫʤʳʥʳץ שʘʞʝʪʪi ʰʘʨʪʳʥ ʪײʞʳʨʳʤʜʘ.  

  ?ʢʪʝʣʝʨ ʢʨʠʟʠʩʪiʢ ʥʝʤʝʩʝ ʩʪʘʮʠʦʥʘʨ ʜʝʧ ʘʪʘʣʘʜʳװʘʥʜʘʡ ʥפ .5

6. ʂʨʠʟʠʩʪiʢ ʞᴅʥʝ ʵʢʩʪʨʝʤʘʣʴʜʳ ʥװʢʪʝʣʝʨ ʘʨʘʩʳʥʜʘסʳ ʙʘʡʣʘʥʳʩ ץʘʥʜʘʡ?  

7. ɻʝʩʩʝ ʘʥʳץʪʘʫʳʰʳ ʜʝʧ ʥʝ ʘʪʘʣʘʜʳ?  

8. ɽʢi ʘʡʥʳʤʘʣʳ ʬʫʥʢʮʠʷ ʵʢʩʪʨʝʤʫʤʳʥʳש ʞʝʪʢiʣiʢʪi ʰʘʨʪʳʥ ʪײʞʳʨʳʤʜʘ. 

 

 

ɾʘʪʪʳϤʫʣʘʨ: 

 

ʊʘʧʩʳʨʤʘ 1. 

ɹʝʨʽʣʛʝʥ ʬʫʥʢʮʠʷʣʘʨʜʳש ʵʢʩʪʨʝʤʫʤʳʥ ʪʘʙʳשʳʟ. 

1. yxyxyz 142 2 +--=  

2. 568 33 +-+= xyyxz  

3. 22 22151 yxyxxz ---+=  

4. 2261 yxyxxz ---+=  

5. 201839623 ++--+= yxxyyxz  

6. 5622 33 +-+= xyyxz  

7. 10933 33 +-+= xyyxz  

8. 522 +++= yxyxz  

9. 22)(4 yxʫxz ---=  

10. 22 33)(6 yxʫxz ---=  

11. 9622 --++= ʭyxyxz  

12. 102)2( 22 -+-= yxz  

13. 362 ++--= ʭʫʭʫʭz  

14. 2352 22 +--= ʫʭʭʫz  

15. )6( ʫʭʭʫz --=  

16. 22)(2 yxʫxz --+=  

17. ʫʭyxyxz --++= 222  

18. 206922 +-++-= ʫʭyxyxz  

19. 168 33 +-+= xyyxz  

20. )12( ʫʭʭʫz --=  
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